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State space

e Postulate 1:

Any isolated physical system is associated
mechanics with a complex vector space with inner
product (Hilbert space) = “state space”

System is described by a unit vector.
e Qubit
Two-dimensional vector space
Orthonormal basis [0), |1)
Arbitrary state vector |y)=a|0) + B|1)
Normalization condition: (w|y) = |a|?+|B|? = 1

Postulates of quantum

Time-evolution Quantum measurement

e Postulate 2: e Postulate 3:
The time-evolution of a closed system is Quantum measurements are described by
described by a unitary transformation. measurement operators {M}
‘V/(tz» :U(tzytl)"//('-l» m: measurement outcomes
in continuous time Probability that result m occurs
Schradinger equation p(m) = ([M M, |v) ol ¥)
) State after measurement MM
n D), U= exel G -] (v IMaMa|y)
dt Completeness of measurement operators
H=>EJEXE| (spectral decomposition) MM, =1
E

m

|E) — exp(-iEt/n)E)

=> 2WwMM,|y)=3 p(m)=1

Example: measurement of a qubit in Distinguishability of quantum states
computational basis

e Measurement of state: y)=a|0)+B|1) e Distinguish orthonormal states: |y;)(i=1
e Measurement operators: M,=(0)(0], M,=|1)(1] De{\'ﬂ”ejreﬁ;? C"Perators
Hermitian: My'=M,, M,'=M, =V Completeness

Mg?=Mo, MyZ=M, M= I=Xlwdp] = MM+ oM, =1

Completeness: MyfMg+M,M;=M+M,=1 When the state |y;) is prepared, meas. result =1 with

e Probability that meas. outcome is 0 certainty
= = - D)= (wilMy;) =1
= (WwIMATM = (WMl =lol? P(0) = (wilM}y;
Po <W| 0 O|W> <W| 0|W> o Possible to distinguish the orthonormal states.
© States after measurement e Non-orthonormal states (y;ly;)# 0 (i)
Molv) 1) _jq), Mi¥)_ By (Ml
|| \04 1A \ﬂ\ Impossible to distinguish the non-orthonormal states
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Projective (von Neumann)
measurements

e A special case of Postulate 3

e A projective measurement
Measurement operators: P,.=|m)( m|

Projector onto the eigenstate of M with
eigenvalue m

Corresponding observable M =) mp,
Probability that meas. outcome is m
p(m) = (y |Pulw)
° States‘a;‘ter measurement
Palv

4/ p(m) 7

measurements Il
o Completeness PP = 2P =1
e Additional property: Orthogonality
PmTPm':Pum’:Sm,m’Mm
e Easy to calculate

average values for projective measurement
E(M) =Y mp(m) =3 ( P.|w)

~(o(ZR )= tmlv)

e “Measurement in a basis |m)”

Example: Projective measurement on
single qubits

e Observable: Z
Eigenvalues: £1
Eigenvectors: |0), |1)
Measurement of Z on state
)= L1l
Result = 0 with prob. (y|0)(0|y)= Y2
Result = 1 with prob. (y|1)(1|y)= Y2
e Observable: v.o=v,X+v,Y+v,Z
(measurement of spin along v-axis)

POVM measurements

e Positive Operator-Valued Measure
Measurement operators {M}
Probability that result m occurs

p(m) =y MM, |w)
POVM element E,=M M,
(positive operator)
p(m) = (¥ [M;M, |y) 20, 3 E, =1
e Example: projective measurement
E,=P/P, =P,
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Example: POVM

e Distinguish two states?
0)+|1
|v1) =0), Wz>:7‘ >f2‘ )
e POVM: (Positive, >, E, = 1)

E =&

E _ L (‘0>7‘1>}(<0‘7<1“ |]::> <w1 ‘ El‘ '//1> = 0!
2= 1L/2 2 ’ <W2‘Ez"/’z>=0
E,=1-E -E,

e Measurement
Result = E; = |y,)
Result = E, = |y;)
Result = E; = No answer
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e Global phase
ely)
Equals to |y) up to global phase
No difference in measurement
(WIMi M ly) = (y|e™™M M e®|y)
e Relative phase

[9)+1) 199

V2 2

Physically observable differences

Fumiko Yamaguchi <yamaguchi@stanford.edu>

3/23/2005



AEVNOZHOREFRIEMESRIEFaAE2—20OERE] 1 3/23/2005

Composite systems

e Postulate 4:
State space of a composite system = tensor NO Clonlng theorem

product of state spaces comprising physical
systems

lw1)®lyo)®--@lwy)
e Product state
(04]0);+B4|1)1)@ (0] 0) 5+ B[ 1),)
e Entangled state = product state
|00) +|11)
V2
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No-cloning theorem

e Unknown quantum state can not be copied.

Formal description of errors

® Proof: Try to copy an unknown state |y) into |s)
Initial state: |y)x|s)
Unitary operator U (copying) for two states, |y) and
)
Uly)8ls) > U(p)®ls)=|v) o)
Ulg)e[s) > U(g)els))=|¢)©|4)

w]9)=(w|e)f = (w|#)=0, or1

Only orthogonal states can be copied. No general
quantum cloning possible.
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Qubit and environment Errors on n-qubits

e Unitary evolution of a qubit and e Error on 1 qubit
environment 10)[0), [0} @ley). +[1)@]ew), 2x2 unitary matrix: I, X, Z, Y
Qubit in [0) or |[1) Be[0). ~[0)ele,). [ ele.), e Error on n qubits
An arbitrary state: [y)=aj0)+b|1) 2"%x2" unitary matrix: {I, X, Z, Y}*"={E}
(e]0)+ b)) @] 0), —> a0} @ eyy), +[1) @&, )+ b[0)®ey,), +[1) ®]e,,}.) Unitary evolution of the qubits and environment:
=[¥)8le ). +(X|p)le ). + Vw))ole, ). + Zlv))ele,). [W)®[0)e—=EaEalw)®lea)e
What happens to the qubit? e What's error correction?
it 1“‘3;13;1%) Correct subset of {E,}: £ C {E,}
« Phase flip (2): Z|y) =al0) - b|1) Procedure
+ Both (Y=iX2): Ylv) =al1) - bi0) Perform collective measurement
Env‘lreo;wrrirhte ) +en) e ), =lﬂe ). +le)e) Diagnose which error ¢ € E, occurred
i :Zl o _ RET E:: & 57 S Correct the error by applying E,f = E,
lec)e =$lew)e ~[ew)e }ez)e = {ew). ~lew)e) 1 1
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i . Assumptions for error correction and
Conditions for error correction

fault-tolerant quantum computation

e Necessary condition e Basic assumptions
LUIELTEi) =0, i Constant error rate
{|i).}: orthonormal basis for the code subspace Weakly correlated errors
e Sufficient condition Parallel operation
LUIELEali) = 6,9 Reusable memory
(non-degenerate COde) e Additional assumptions
e Necessary and sufficient condition Fast measurements
LUIELELli) L = Cqa Fast and accurate classical processing
C.p = L(|IE,'E,li), : independent of i No leakage
Non-local quantum gates
19 20
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