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2. Mathematical Basics of Image Reconstruction
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HENTOREII %2 5. ZOREE, WEREDOD BRI
BWC, ZREZRTNELEL RV,

[RH CTIZBWT, FATE — 2858 % MEERIE R < Bl
THERBNTHNE, FEREWGE HTg 3BELLIFE
FHRNZIZT 2RISR %, 22T, EH CT ORBE#ERHE
FBP (Filtered Back-Projection, 7 4 )V & fiiE¥i¥%) %
FEITEINETD L, EHAOTPATE — 2 IG5 % w MK
T4 NVE ?*l‘)"(f'ﬁb-ﬁ?%ﬂﬁb'(?ﬁ‘%@f“ L7t .,
H g PEOBEIZEL 25 X9 BAE 74 V5 %9 L
BEtT 5. AN ¥ 2= PRFEERRIIC, O
Iﬂi‘?iﬁ“Radon’Zﬁﬁ@ﬁm-f‘—Vb‘B%%éﬂt R &
CT Tid, HBOEEMIHICKRIT 5720, H g &
EDFHBHLEAZ DD, 22T, EAZLHEHTRE
Rk 7 4+ Vs R BIET S, ZOikA% WBP (Weighted
Back-Projection) ¢ E9.

BERLRFITBVTCIE, H g 13 dirty map &IN5 75
WRKHEIETH L. 5T, 77 FHEETHRE 25
% HIRAY ) B RAKIE OB AR DT, RIRWIEAH
FOGROET ) ThL, rROLEOEE % Lo T AIA
DY BEOGIZTELIIVTW L L, Hd o 2R A5
ENWVIIL D, ZOKEERE 7Y —VEEIFATRS, FEE
BN 2 7= FHEECTH 5.
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¢=17.5°

M6 LHD 75 X<® (k) BRtEICL3MHMEITL
(77> L) toctv (F) ZOWHREEEHTg. WIh
6, 3RTEGEE I DD MOSZILAS L::}awérﬁuﬂ’ﬁ‘
JVETES TR, A h—35 XRAIS].

¢=9.5°

¢=0.5°

WIFNIZL A, HT IS 213 ELLHTNDO g OFSET
HY, EGEHEBKOMIEE D, ZOMFRITIET I
D, N TH L, 2 FEOR BT C TS5 S I 1
H'g ZROTHBWT, (6)XEMIFTIXTLDTH 575,
FREAVPBAETIIEERO R, TOZEZMHRLT
KFZAD 9. LT, FRICH S 23U M < N FAE) &
L, ¥72, EHMbOd G 2R/ 2 EICRET 5. M= N
ThAHIDVELEMOEE, T, R2FEETIERL (1)K
DFEVEOITLED, EXHIERWIIFHLTH 5.

2.3 GHERFIF D S FEEAYEIRIA
2.3.1 —mEEBVOEIR (R1EREE)

WMEHBRRHf =g 2T H) L)y L&, Foyxeyvar
WG AR RO SR D 75T ART (Kaczmarz
) A O E & ﬁ&bfb‘% Herman & [9] ASEEEIC1Z
BTHEMEECT O72DICIheERL-L &, #THEN
n— OODTG)ﬁ)%%gm—(Hf)m % R CIT T 2 A6 B fi HL
BT ATTHOIZ, HBEPEERICPORT 5. T OHHHH
bR Aol K—=TF ¥ FOEK¥H S Kaczmarz H¥1937
FICEE LT ZIT- T,

ZZT—2OERE Lo, BIEHEA L EE T <
L&, MAETHIE, B7 0L IR £ EEHH
B o TPORER L2 THAH. ART &, H

update

I
formula 1 go(aoo)
start 2 f
£ o
3
O
2
3 O
O

®7 MAELEHAEXOEEHN.
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FO =0 (BMFEMATRTOO—FRMEG) »5HIELT,
VHBRROL2r0—20RITEA LT, FEI0L) R
BEH %479, Kaczmarz IZ X L, 2o & &, £
(Hf),, = gm DERTEBFHM~NOEMRD R REHEECBAT
THIEEBYVBELT, Hf =g D FOIH 7 VA
BN (ThbE|FIF RN ObOIHEET 5. |fI° 13~

MV f OGO 2 Fefl (BWFEMED 2 Ffl) TH5B. ART
DI HREATH H O 14T \ER LTIIRET 2D
BT D%, —#%IZ Row-action BIIE & T 9 . BFHIULELIZF]
FATE 2Rt S 5 [10].

ART IZFRLAWIZEICB VT D, BHEBEE D 3 KTk
B CT % SICR L o flibitz, I CTlEIRE S F
FICBWT, KRAELIEOFERR CT 124 5 & e E 5L
WY BiFs T [11]. WROR R 2 B35 &
&, EATORZNC B 5 HRER %% I £ O 1w
ERHMERII T 2% 7%, Kaczmarz EHAHHIM £ =0 %
AL T5056121F, HETY [RoTATTHRITN
] OT7ATFT7THD. T2, ROLMENAKMNIZIEE
o & &, SEMETIE KIS, MOEHICB W TAMA
HMAZO0ICEZBR ZBIELMATE S, Id, PR
WRELHEEDONLEWRY) TOFEENLEBETH S, KE
HZAMAHTIFIO0 EEXETVWATLREYRLICEDLA
AT, AERGEZICEDEEKTH .

BN 2 BB A ). SIRTO1IE, EHHRR(6)I1CH
W, TRCORDEEHT (g—HF W) RFIHIERLT,

f(k+1):f(k)+pHT(g_Hf(k)) (7)

DIATOMEFHEITH) ([HER1). o &0) ETEARKT
5. HiIR Row-action TiE7% <, 72, ART DEHHIH
2L L 72 HIANOERIC 4 5. BTSAMEE CT TIlEH
ETH, ART & & DICHENREEL LTlibhTw5.
VR & RARE 0 2SETTHNZ, |fl BV LZOER
(BEAfFE VL) ZRAMET BRITRT 5.

ART, SIRT £55I1CL T, #EZEDL T ILORE
HERDHBVIZERFBRICOWT, RADE (FIREHH
%) ZHE L QIR NEHR CREZ RO, BESBAT
LHIMCMEZERT L. COBEEZI ELHBYIELLE
&, MR, JVARNOHRBEEERICHET S.
2.3.2 —AEHOHER (EEEE)

PARSRENE, FERIERELZ ZO TIZT L iz 2 0 T
FDOLHITHRZ 205, AWML S ODFRD. P IEIE DS
RAGE R85 A —FREIZL o THIPIZED DL L, PUR
L eddb, HE1HTTIRY LERZITFEIFEON
HDTHIE, ZOFHFBI .,

(5)ROBEFHHRA Hf =g 12BVT, WEHRN N
% M I FE T TREATYI H 2 IERTHIC T UL,
FTHH ' ZHCCf=H g DHETH5. MERELED
T WHERBETHL., LrL, MEHRET-LHIIEL
ThE, HEIBICEVWOTHETHRFEELEW., £
T, 115 H % IERERER L CEERREEZ0DIET, H
o “WitH” Hi% > -
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f=H'g (8)

LT 5. 2O H B BETHES . ArHIOIERE
KRR EFEV-0R, FERMESH (SVD) 02 & TH 5.
(8)FUTBWVT, WM Rt 2 M g #Fw N KX
7 MOV LIRS BH5121E, HNIEHEICREWN X M AT5)T
b, BRMESHI RSNz EE, (8)RofTHIEHE 1 [
PP CHEBICHEIRE S, 29 LTEONDMIE £, I
BB (6)DIHEDH S |fI° Db DTH 5 [4]. SVD
BIUOHONFIZOWTIE, 818 LU (IV-8) X
EEBI NIV,

2.3.3 HliDME AR (HlF>Z DR/IME)

DL b oo R CUE, SR TS 7 1 5 #1S
LT, RRMIZ, SHOIXHEENI 2 VAR5
N5, THICHLT, BillF—5 L AHMIC—-HTHrZ L
ZERLODO, O S IV ARMEERIKE LTS 2,
RN T 2 EAZTET 2B D 5. [HHMN % —
] /A2 Y TIID (fitting) ORI Z 5 & &,
Tikhonov IEHRMEAS M EOBEMEMRE & & F 2 2 WAL % &
Db,

Tikhonov IEHIMbIE, [5%7% 2 el | Hf gl 3 A MHEIC
SELv] Z2ERLT, SO LT Va2 5E|f)?
VI D fRIBET D, 201D, F7FvVa
B%L

A(f)=allCfI*+|Hf - g (9)

Z FICBELORMETIUZ L (R8T . 22°C, C ikd
LOFREEZCEALEETF (R T, 0&F
FTC=1 (HAATH) &35, FMETEIIDOLHIC, KE
Fefa 0 ZHEIHIIMHTZ2EET, o ZIEAMLST
A—=5EES. fOBKICHP E_F VT 1 BB IER
%.

(9D A(F) FMBEIEL (FIiT™) TH Y, A(f) 2ish
285 fFOHEET S, (6)R0EW LRI, Af) 2 f
DERS T LT 0 @i, BfRK

(10)

PEoNhb. C=1THIE, CTC=1TH5. (6)klt
Bk, (10) R RN EH R Th b, =
DRI, aCTC A5 72N TESEEILEITHIAEAE L T

(«CTC+HTH)f=H'g

f=CTC+H™H) 'H g (11)

EETF L. HATH (oCTC+HTH) ' %%, FOREG H g
DEARITT %) T D B CHAFIZRNIK TH 5.
22T, DX Ffr freHFETH. wE, HC ' 25
5 (SVD) L CTHER SN L5 {on ) BL U 2DDIE
BESR un ), {vn} ZHVD L, fridELugREEIC
#HF 5 [2].
(g, um)

M
fT: > wm (@) 7(:710»1
m=1

- , (12)
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1

Traio? (1z’)

wn (@)=
2T, (gun) i3 gt un DARTHS. ZoiF, X<
mons: TBAEAARMINT S 7 =) TEMWOM] 12
BETHMTEL, EIVIERPLFT I L, wnla)
(goum)lom FAH T =705, fHBIINERRETHH
% C o OEREDE BIEA) IZhoTnd. L)
Y (un), (Clon ) BERERBINT — 5 g LWL f
DIIERT, (g um)lon 37— TZEMITBT 5 HITRIG
5. SUDTHRINH L VAEME I I T HFRE
7 LIERETIURL, (g, un)/on \ZFFRZEMCBT T

Hy, (12)4t0)151_ TR 2 5 FE MO TIE
d. FEEME 0w 2RI (0) =0y == 0y) IZIERD &,

RERIZ, m OBINE & HIHIE C o, un ZEFEWED
SEERIZEDLSL., Tk E, wyle) X “BEEES" m
DR E LTHATE205, wa (o) EEEWEBS%HI Y %
LT 7 vy oRkEE R, C=ITHhNIE
{(C o) BEHERRTH L. 2D LI %7 —1) TEHRM
BIRDS “EEORIELEIE 12OV THOD» o005

FHELH LW,

%nfm TR R fr 2R T 5 HRIK C
RWEEIERTBZ ). EFERSITRLA. KEEYS
BREBICEART LN S HIEO MRS, BRI wn(a)
(gum)lon ZHITTERELELE fr 12%5. IFE ()
PHAEM () OMEZERLTVWLERS, ThbrERED
BWE fr REEZRDES. £, REOR»ON
(goun) BIEAEICZVE L. ZOREBHM W2 IR D
EEEA ) FLELVE-T, FAMHD T 5 X<z R
OLHEX, AENIZEAELRRTNIRDTH 5.

EC, wn () IEELT, 12)XoMEEMHERXD
ELEMCw2ICHiT 20, EBIZRTEZ LS. C=1

Um fﬁ k\‘/u

ELC B5, 6D3XILCTICHEMLAE &, BEGREKED
BerzR 912, FfmR S NG fr ZR10ISR L7z &9
(k) 212 L, FRfEo, 1dm=2800H7-) »5KREHE

3 £ .
< Hﬂﬂﬁg ]
- = ﬂﬂm

8 EEEGOEM: TR MNCKEEHIRK NH Y7 NSTX
REOEZFARAD»SD 2RTCT. Cvn(m=1,2,-,64)
EEEDPSATABENIIRR CILZTIVT7 U EET
% {#H.
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HC, BLRAOME 2RO T LM (RKRFERE o) &R/
Rl 0y D) A0V EFFFITKRE V. T — % g I2H
ML EMRATVRBEDT, gDARY MVERHE(g, un ) 12
K () @ X512 m>2000 O JE W T M AT A
T, MO L RVIFIFIF—ETH D, ThERIEIHE
Ko7z 0m THo72OWVNFRZBEOMIZN S, ZOFENR
BIRIZ BV THEFHIESKRE GBI S, 5F (g un) &5
Trow L ELOLPEWMET 20, FOHF MR THESTH
TRDBNFTCAR T B, ZOFEBITIE, MH LT IIEHE
WERERIIBIES NG A, LALFEWRIEIZ, 20
EERX9 (L) DX, wn Don WCHITFTIEDLLDT,
WEMD AR MVREIE9 (F) o X5 ICEEEOH
M edlcBERLBMET L. ZOME, FHHERMNIE

FriZE0D LX) IC—InDORICHEDBAEL.
F B Tlt, COMD w, & RWEKRE (window) & I
RIERH L. 12)RIBVT, wn(e) DHFE R

bh5EC, FAUL ST A—% a (>0) 2¥NSE5(3
LHIDEE LIZRES. o RBIMEELE, 2323H(9)
RDF 75V BEAF) ORMEIZBWTE 1HICE
ENRBEIANDL DS, 2N |Hf (a)-g|° DK E VIR
MEEELT—7 g D OEENTR) PEOND72H9. 2
DEEN 2L, wy (@) ICE DRI HiEEL LT
HATESL (F4RV). ¢ xIRD S ENEHTH B, Tik-
honov IEAMED EARALIZB VT [FRE 2 TR H 5 EI1055
L] S E2ERLED, o EOREIZO [H 510 OR
BThHDH, a HORERICIE, BRADGCVHEDLERTDH

4. GCV (Generalized Cross Validation) it fr ® g ~®ik
BE CRES) 2 TNEERMICEHMET 282N a2 R TH
5 [3].

1078
1071 =
10—24 &
10732
10740

m

(8. u,)|

1(g,u,)]
0 _5 | 1'1 .‘f" J"
m
0 M
0 1000 2000 3000

m

9 LHD ® 3Rk CT (M=3,196, N =16,188) N /= DA
32l —Y 3. Tikhonov D (k) 45EMEom & Tik-
honovBwn, (F) BEF—2DIX~NT MVEE (g, um),
(F) BEREG frDANT MVEE. RIOEE m=1
TOE%E 1 (CRBIE L 12BN TR, GCV &/I\D o EZHRH
[71.
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0.1 0.2 0.3
Radiation power density (W /cm?*)

10 E9 (F) DAY MLFREA5B5N0 3 LHD 75 X7 D
3RTHBEREGR X6 ERMU MAM LAY ICHITS
ROA ZIVHEGTRT. BEREOK S5 TRRK(6].

R0 FfEk Mm% ZE 6 (T) oMl aTg &k~
5, Wi (el +HTH) ' % i L7258, = v YHIBICH
VIR R b OB EIZISE T VT WA, S VA 2 E|f]
D/MEZZF TIRIERME 255 <, ERICKRE T2 7 —F
777 POSEHRERMEGICES A, ENTH, B R
= ZARMAP SRR L, RIS A 2SRRI £
5 OB FERRICBIgE SN, HE R B TH
LN D 3RKILCT TH 5.

HEE TSR 2 SRR D EE LTHT 5 &) B
1%, Wiener 74 V7 2 E A MHEDOEARTH 5. Wie-
ner 74 VFICBIFSHT7—) TIHERMNSVD TEEK I NS
RIERITE Db B2 ITL v,

SZTOMREL L. U ko X9 iZ, Tikhonov f#IZH
F B IEANAEA w(e) 12 & 2 GRS ORI D L) THh % H
LIZE, we) Z2 A7y 7B w,.=1 A<m< M),
=0 Mec<m<M) IZLTHYFHELLTDH, EHBIZEW
b HNR v, Th% Truncated SVD (TSVD) #:& 5.
Jrsvp = % (g, tim )

m=1 Om

Unm (13)

CorE, FHULD /S5 X —# ZEM M. ThHDH. M &4
BAEAT 0 ICHE B B EROFEFIC L0, HEiF(8)o—
BHATHIOMETH 5 (V) . F 72, MEFETC 2 Hwv
5L EADOIEIKBEEBI O 72012 FH &N, BBMICHR
Fan(14]. REOBBENZETIX, BAL Y —0fF
GO B X CRER O =M 5 & HEET S DI TSVD
EHH VLN, R#ERITHE ) B M BEBRNICES 1
Tw5[15].

TSVD i3 (13) XD X 9 1w D M BOHIZ T &
B, “REATH H OFRMSE (SVD) 7 1%, IR - JRR
EDTRTEZROLITNIEE SRV, B LD, SVD Dfth
DIZQRARE M I, T 2®RAD MR 2 5HET
AERLOTHY NI BT, HBZEALL, H O5HEAT
FEHAT9 L EITIIRENTH 5. 72720, FlBBICHVS
FEIRASVD I & % 3R & 138 7% 5 [16].

2.3.4 PIBERELTOES »IOFIH

ZZT, SHEOFSICES Y. M RAIEAE T
ol BB T2 v 2 Fe | f° (BFEME 2 FeAl)
AN, BENICIFEEGTHL L, Il 0wk b
W o THEENLY, EWIREOHBETHSH. L
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L, Tikhonov IEAMbD EE 2 BlriZ, 233 5 Hl) % #
B AL 2 2 Tholz. 2T, WEIESIRE
&, WBEOKETEMMS EWMDEHETC17]E2 AW
T, BIEEHRICH722 2 M| CFI° AN B b DRIR
9 5. C ZFEBOFHEIZIY 3AA 72 D.L. Phillips ® £ % i
LCIERZ EDH 5 [2,3].

(XD 7y Val{linrdTre, ExERUVEZ
T, (RO S5 & OFl | CfII 233 2 ficE L] &
X, |Hf —gl* &0 f BWNF—% g 1ied DERMmG
) ZRHATAI LE2TCHRMLETHL. C=TIIR%
L, SEEEETHIUE I VA 2E|F? Gt BbD
e Lze &, |HfF gl ®ADWG fZ2RDDBEEZD
&, WERICER LR,

ZFhud e L, MRS CT BT C ST YT
VAT M) L, FRCHEC o, AE LSS R -
T, WON%T I AMEGEOFERIIEFICHI L 5.
M B RARI S0 L CRIBICIR 22 B, 72721, 224
fREEIZE D AHINIC R (6], ZOWEET C OBEAZFT
% <, Tikhonov B D IEHIMEIF TR T 4 L AT X
5. WETHLETICERIIESTH L. Hl2E, AT
v ¥—g0 25 REEE LIS 729 ® Preblur[18] %
Y AR NE, f=Huaf' (Hya - BEFHOHEKT)
%(9)RIRALT, £IUZOVTRIFIZ L . 4fifiE% 1
2 HEERE TR, 110 Hyp DBEH#% TRT 240
H5b.

ST VT VHEEAETC EHWIEERO—F R, 12
R, B () @X9Hi, LHD 79 X< % +—F A%
KITIA S EHBETDOZNT, BBICH-> TS Shz 2
RIGHIEEESL L&, 1RO 4 ¥V T OB EREE S
REECHILT A, TIAAMTA FIVFRIIAY B
IR RO L RET S L, 108 (BHEORS)
X1 AR a A FIVKiE oAt 2B L SR B, D
LENR—=FEDT T A< FHEIRRBICH LT, HEEtHE R

Z{m)

0.2 ¢

03

04 L . . S

i 32 34 i6 8 4 42 44 4.6

Rim)
B11 LHD 75 XY DEAR AR CT | EERINRERED (L) E
ZRB LV (T) FOA SLIVETEICHT S h - RREE.
RIS E Z &R0 3 [19].
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(A) Assumed
profile

(E) Reconstructed
profile (6%0)
0.4 - =

0.37
=z 0 0.053
N 02

K12 LHD 7S X~#E&D (L) 77> b4, ()6 %DMES %M
AEBE T4 5B -BEREGR. EEEHPSEENH
3. MFO miFROq sII0E— K9],

SNHMoOREZEN (F) IR7. &R, ZoFMmEic
BT, ZOMP o7y — X 8T 25
2RICH % KT 5 CT E4iic %5, By I
L= a v &2fio =20 F 2 BI2127R§. fAH 12
Bro A0 OIS 2 e L7277 v bA, BX
O, (12) N THSNFHEREE THE. M>N (5F—%
ZH) CERESNTEV 2, BET 2P WTE
TR DS £ v, IEAMLIEZ Cc7C L M4
RIC—BC G 2 - HHEREORR CTH 5. 2RThH, W
BEIED D O EEEHE S L7 "Rl OBBLAIFgE 2
5TIX” DFEDLHEEOEMETH 5.

ZTTC, F=FAERFAN S DT T A IBIT OV T
—OWiR$ 5 &, Nguyen van yen 5 [20]1%, b~ 27 O#
MAEMPSBLEBOWHENLH 2 T BB ITH LT,
Wavelet-Vaguelette % BN % v C, M= N CTEIHIK
HO L WERTAEN L EILET> TV 5.

& T, Tikhonov B D IEHMLIZ DWW T, BEE&HIZEIC BT
5 At DO — A R (GSVD) DEATH 5.
WAEETC T HWD L &, (EROMREIT HC ! & 5
ST 5. CTHEC OFATHITH L. L LIGEREOTT
Flc 3N Cx=c (c BEENZ b)) BELEMT
HDHE)ERTHIZSWTHITH . BEEIE %
e, CUIRESLRLL AL, aLAF—4EFMALT
a5 T2 TLHDH[6], GSVDIFdH H —2> Dk
HE525.

Wi, ()R035 75 v Y l(E

A(f)=la"Cf -0l + | Hf - gI* (14)

EEITE, o?C EH, 0L g2 EDMIEE DA, GSVD
X, SOEHI %R VA 2FMOD7=DIZ, HBLUC IZTRR
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Yd %5 %475 . P.C.Hansenl[21,22]1% GSVD % ¥ fH
WD AT & & BT, o fEx RE LT % FiE (Lcurve) 2%
L2 BB D XIS, a \FAf) DELGDHEDINS ¥ A%
RS BTG X =T ThHD. TDafliz?kr THERG
FrERDIE X, | Cfy|* & Inl| Hfy — g |? % S - Ailhic
WMoTro7%22L 5L, LTROMBMIIER L., ZoWhin
M2 ) 50 o A REE T HHmTH S, FRibiEHEHE
(AIC) % GCV LIkkIC, BHMMORS % "FREE R T
AW L™ L WwIEZTHS. 4B, G Wahba id(9):o
5% 2 HIARE /M %44 T GCV %\ /2. Hansen 25H5E
F L7z GCV I&, Wahba ® GCV ® M #5124 5 2 L IR
a7z,

MBAmseic B W, GSVD 25 b —F 2B J5 (23]
ZHNNTRE A FIVBITEING 2 KM [24] 1B S - »
A=V H AT D CTHRIZICHEH Sz, HC ' 4R fE
GIREEFH VD EERPRL LD, RMET L5735~
ValBIZR L TH B0, IEHUL NG A —F a A3E UHE
THNITHBERWBEIEF L TH S, GSVDHKIRT T
2, BFHA 70 bayinzilfib b4 F ¥ Y AVEFD
SIS AR b 72 &3 5 [25]. GSVD IZDWT
&, REBHEOHE 3HETHELIHbNL.

Pk, 2.3.28i0— #4755 5 ARHid GSVD 12725
BHEETE, MAEIBUNT—-5 g ICHLTHRETDH
5. L7z o T, FORSIZAMEEID 135 DT, ARMIZ
FAOWBITIIAFTH 24, BNROFFEIIEEICBN
LHOTHBEORE - KIE (ThbbLH L gIlHEEH DL
EOMIE) ICBWCTHATHH . T, OLAUTHIG
e LTLEzIE, g ORI LT EIIRETH 5.
2.3.5 FERELHIE (E - GLE - 7B 5 b DOHFIF)

WS BREE D22 AT D X 512, WM IEATDH
g, HBRRXOMICZO XK EMZ AL . —#k
WIEEEMEO L TRADRoTWwEIELHNEL. 20
)Rt Emzs &, /2 EREIZIERE IR, &
BIIHBETNVTY XL 5 E5 %250,

Hopfield =2 —F V4 v ME[26]1, (9)RD A(f) I
W UT, BEPT 5 %0 TRIC R o ZHHEE £, % B
L B2 008 7 AR M 2 RO 2 ric 02 4
b, 2=ty bTIREHE, =2—u rHE (H#
fill) \ZER DB % sigmoid % E 55, EAEGIK 7200
D& XTI - TM27] 298 A L 72 skimmer B D 23E&
HEYTH 5.

Hopfield T % 09261 2 K131 R 9. BT-HAMSE CT &
PATE— LN AFIZ L B85 CT Th 54, Bk
DHEE D HTFATE — 2O KA £20° 1T DRI D 5.
K130 FERIZBWT, WHEEIZDIz o TEFHIKTEH
KT TW5, H%YE H g OFSEA Z OF KT
A%, SIRT O FHERL TR MBASTER, FBROSMINZmF
TRIRICT —=F7 77 bAIEA S, 2.2. 4§D WBP 3Tl
Nz [EDOFMH HEA] OBINTH 5. Hopfield Pz D
BRI INARIEICHEZ T, 5HiED 25> Twa,
AR ZIER TR LT, NV AERDDIRIFERE -
HBMICE 5N 5 SIRT I LT, #6520 & Ol % Fi
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Hopfield SIRT

EFEMECT DR ARIBEEEL 2 2 RTBEROHK
EYI2L—Y3> (77> MAIEAEE) : SIRTE & Hop-
field ZOBIBREGR (FEFTK L ILAFRR)[28].

13

Wiz z ootz Mz zF LWk TH s, 22T
3, WET—FICHETTMA VWG EOKREE R L7
L—Y—%flio/fMHFNEZT 7 4291123 BT HHAMEE
CTERUY A TOBNMKELD 5.

— %, KTy hbut—3 MEM & (9)Xo
A(F)IZBVT, 8 1HD|CFI” 2D 5 72
Bl iz AL L, WM L 2IEEET 5.

Af)=a 3 fun, +IHf g (15)
EbiE, A v ¥—o0R/METH 5. Tikhonov IEHIME
LOBRERA7-DI1Z, (15D A(f) & f DLEKGTH
SLTOoEEL L,

1+Inf
+HHf=H"g
1 +1an

L. C=10LE® (10) AL EIN/I2v, Z0%EX
BT AR b72010, —a— b UEREEICGEL,
IR £O 21 o—BRMEigE T 5 E, ROM FIUIZ

-1
.ﬂ”=<%d+HTH> H'g

Edb. ZhUE, EHME NS X =% % a2 & L7z2E & D Tik-
honov f# (C=1) TH%. fO O A ETHe ThHN
£ 1/213 2 5 DT, TikhonovfFTH5H I ENEETH
5.t (F721de) ARD B WGEDOTFIMEAS SV h Il BER
TWwE 9 &, ROAEMRIE Tikhonov #2725, WD EfE
EHTIEESZ I, 5IHF 5[30]. ZoR/MEEIFIZBWY
T, ZBO¥UN (WFEHR 27—58M («N) IZ#5L
TIE%Z RO DRI e = 2 — b VIEFNEDS, HREIZEIC
BwWTHEREIN. 72, GOV BIHEDIIRS A SN
72. GCV O BHZE 55322 (influence) 11512 FRRERL
Mg % AN EBTH 5 [3].

%3, Hopfield#:(2 LA MEMIZ L A A(f) #/NDfRIZ—
Bl oTwahn, R7EidiEs T, MHOS 251X
R/ NOREZBWTEETR L 5.
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SCTOEELLY. oL FAMRR RN
L&, HICAOWMBMATO I L EA35 720 Tldewv.
FEAOE CT ThIUX, oI - 72O F A B AL
129 FL—HTHHEERDS. L7z T, IEOEHME
IR LT, FAEOMSS K LzmEgE 5L, FFEAfH
T OMPEBIEIC KT A MZIIRELIEMEDHER 5.
BB OIRNAELI - T, WREEEIEL D L. HROHE
A KB R B 5.

L) —OWETLHE, VA 2E|fIP Ry PuE—1C
X ZIEHMEIE, BT A WFEMEOH IZOE L2 ERE L
TR, fIF (h @ 2FA) 2L A A5)ROF 1 HIZL
2, WA D7 2 WFEEOFRMN ZEITE E Z 0.
CESED B DEEH L I EFEEIVNE W] v )Ty
BEOMEE (Jensen A% ICH-> T3, 20720,
C=1 @ Tikhonov 1IEHIM{L & MEM &, IEMEHIFORhE % B
X, IERMboREEE (O ERe & B TR L TR .
17 fe/E, WifiARICh 725 [THFEEDHH] H/NMIUE
wWiHiclbhns,

CHICH LT, MOHEETC 2B |Cf)? &/MME
&, BEEmROELZ B ICEHMES 5 0T, IEHIMEIZR.
HEEIZETIX, ZOIEAMLIEZ & 512

(W% f(r) Oz 2
fr)

DZEEHICE &2 D FEIHHEST CT D720 ER
Sh, BMBOERWZFIETD “74 v ¥ r—FEHREDK
IME™ ETFIENR B [3]. 759 A<D CTH|igTIE, 79X~
HLA & BEN 72 LS TR DS 7 K IR IERIE AN
BUIHB., FLTC, ZoHEBTBEERLL fir)=0¢%5
DTHIE, ThZIFAMLEOSEHCEY AA T, JEHHE
WTHOMZ ZEILTE S, SRIZAr) BA-TI 7T ¥
V2 BBIIIERIBIC R 5O T, RKBIIKLE TV TY XA
0, REHOLPIEEAN L IEMEILOFLECTEIFATE
5.

Fh < 7 EEIZB VT, Odstrcil &[3111x EXicBIr %
f(r) o5 (gradient) ZBERIMICIE D HINCEET %R
AEATo T2, Gao b [32]3MWMH%E T T I T IZHERT %
EEBIC, MEMIZBI 50 L k% EB GCV Z3EA LT
a HOWR#AL % 4T 7.

2.3.6 EFIVEAEOEVEHIR

LLLRDLEED D AHOBBIZ R > TWAEETFRT
ENE, FOHMERBALIGBRL-Z 30w, Z0l
BO(WEET V) ORIBEEPSBIHNT— 5125 b2
FHEPTZ LD, EFVORAING A =5 ZET UL L
W[33]l. £9952L T, ZHOWMHKFMEE RAKL T L HE
SRR, PEDIST A —F B RMBE T B/
B R MEICED Y, BSEMCTHRIT 2R D 5.

B-MHRNE=Z2—9VvEy b (ZEASA—k T+
V) BfEo T, NIHEICL 2 EBEROE®E CT (2L
W2 ) & 13472205, SO REMICH 2O 2
WBETFT VY TIZOIC > TV 5[34,35]. HEITFITAR
OB RATBASEHICBWT, E0X) REEOER
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BbEPEVIBEOGNRH > TL WL HIZEBbhb.
BT, MR E @ﬁ%ﬁ%ﬁ%?%%ﬁ%rw

DORFEIZ, BREERANNT A5 LT IHBERNTH 5.

WE, ROLYKRDEIE f(r') 2K b, (r') DERGHE

A= 3 anb (1) (16)
TEROLEET B an REMEK, Ny RIHCTHE. 20
BEGHE (DR fr') 1A RIE,

£lr)=

Np
2 dan / h r, r’' bn dl" (17)

n=1

b, ThZBNEg(r) OBRBERTH Y, b, (r') O
T2 B, (r) DSEIEIZ R 5T 5. HifESE CT T, %

JE by (1) DI By (r) BHE ORI Db, T LT, B
B2 eI, a1 Ar) & g(r) OWMHIZEBETH

5. COFMLBEREMS &, BEOFHRIIEETH 5.
AN ROBWEIFBMT— 512 FLAI L HICan n=
1,2, Ng) 2o /z6, 16)UTHVTHEIE Ar') 25K F
5. BEHALL2ZRMETHR L TH 5. WAREIEIZE L7z
% 2 i 2 LTI Ny 2VR S THEEL DD, an 2D BIE
BRI 5.

WA CT @ Cormack i EURBAIZ, {0, (r')}, (B (r)}
EDICERRERTH LI ETHONS., BRI EMT
S [EALRERTOHEB LR L) —Klko
HLBEPHFONGD, E)CHBRLIEE N, THHU S
Nh, FOLIAH, EMEITRGITIZLETR W,

WRESAICT TIE, KNG (support) ALK, 2o, 4
BVWIHBTHELOTHIUE, BEBEREEE L F - 72800
RIBICHL - THRiv, B G O CiADIEIC B W
T, EVF=IVAASHEDTN 2~ 3OS - EHl
T, MRS FBP B3 R A 251z 2w, ART
TRIEAMEA T ET7—F 777 MM E sh b, Bl
ONEED S LTHR/N 2 /EDEAIZBRELT, &I L7
LEwpr? TR TI X CTEMHOMEETH 7.
ZLTC, 79ADOBFTOCHMET S 7—1) L Xy
EIVRFARE SN, AIC 12 & AR bS8 A &
N72[36]. HWROBETHLBBICHREN TS

EREAHORKZREZ D &, 75 X< HED I
DEE, TNEHEHZToOMEEGHEE S ThE, HHK
N D2 %, Z00ICIERFREXSELMIC 2L, IE
1 5 #2 2 Tikhonov LT:EME’&’)‘JDX.%@%) v, LaL,
bo b BERMERZ A0, WATMEEDZEM CHHERT 5
ZLTHAHH. 0L E, FEEBTHEHMORSIES, T
K479 EEICBVCTHICR S, BT (F) k9% d
DTHAH. MAPEMNELZILSESE-T, BEX2 KA A
FREFOWMBIIBNT, WREMEEZOF FRABEL T2
WNIEEE 2 &3 5.

7, (XD L) ITHyEEATENT S L &,
A LW EPARLEE L D ICAER T, %ﬂﬁ
DY, TRXTOMFEIIBTHACR A, FRICHEA
Wi > THEMEAT—E & Ak L TR, B FHRER
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31 RTHEICEET 5. BEETVOY TIZOIZILHT
BIFNDITRNHIFITH 5.

B, BT AN O YR TN (7 4 VAT 1HOCT
TR 12BWT, MTOREEGREHEDDFHIEWOT
7212, RTO 3 KIS KD TERN Y VR MED
NTwa. FHUIL, 000RI# T, B SN ik, &
SOBBERIZE o THERICHET 525, AIC %80 lib
nTwin37].

2.4 FHUWHEIKIN S5 I RTEEM
2.4.1 BRHEGEOERR/IME
BREEBD 7S X<I2onT, FFEIFMHY I L—
Ta rFELI#ERLZ WRIRIEEIEINRHWZEE N
RBLYHIUE, TOMBEBEOHRKICID ARz D
Thb., =20 EE LT, KRAuEIE S HBEHEEO R
EZ, BT =21 LT | Hf -gl*= B v sk
fEodb &z, Bl hofEzRHAL LS. ZRIRXLD
EWV) R THREIEE fq b EX, BB b0%
d(f».fref) E¥BE, S5V BB

A(f)=ad(f, for) +I Hf —g° (18)

b, HEICPIEONBERVL Y, afliz ) L
By h, MEEGRICIE, LOWEHELED, 1EY b
HEICEBR L C fiu ST DL —RTH S ). d(f, frer)
ELTC, =2y FilligEo 2

%&L

dE (.f,fref):Hc(f_fref)HZyC:I (19)
& 7 Kullback-Leibler (KL) R

mum»zgmﬁ (19")
EhaBwol, 5RICe EANTDWE, fo=fiuDEE
dKL(.fv.fref) %HEQL/J\ ~TZ) f:&)fi&)%.

A RD di (f, foot) ZH VD & &, A(f) ADDFFIL Tik-
honov D H R ILIRIC R 5. HEAT C 2T KB2H
i,

fT:(aCTC+HTH)71HT(g_Hfref)+.fref (20)

Free=0 E@ETIE, ERFAD R
&S 5D, ST, Hf o 3SIREIG fo OBIE A5
B CT THhIIHES) THHZ LIZEELEY. 20k
X, ShzeZLilwBlillT— % g— Hf o SRR %17
W, BONZWBIC fog EMAUETE N L2 EIKRT 5.
)i, 12)RWS LT, 7272BICkOMEFEH
PELND.

WL B (F5V).

Foe B (e M)

Om (21)

Um +f1‘ef
2T, HC ' O RMESHRE w(a) 12 (12) REFELUTDH
5. GCVORXDBEDLL LW, C IIMOEETEHVWT
vy, GSVD B X U Hopfield #:12 froof Z AN LIEIED, [H
CEHizEz .
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s, (19):D KL B dy (f, frer) &, T¥ PEE—
POMAEZ Y P Y —~OPRICHY T . fu %
frein = Ve (m=1,2,---,N) O—FkEi{% & 3 1IE MEM I/
BT 5. BREIsETIX, JT60-U b h <2 12BWT, ELM
METTF—F KIEOELZ7—-)205% (1 kE7—1) T
WRIRE) TRIEE B /2[30]. CT HAZ 122w T Uk
(18] THENTWADY, K& N THEREEILE L
A U7z HEEOIY AAIL, BENOHIED Sk 2 2 EHRD
AREBETHIO 72D OFLRFHEO LI ICBbNS.

¥/, BHREEFOWGHEMBEIZB VT, MEM 295w
SIREERIED o 1 RIEKD 20D RN H B DD, T
RER R OEHEME (Rt 2BV Ty ) — VEIckiEh
WEESRHTALWY. &R, 27— Y EOEERNEE
Ft ETHDE—FETHA).

2.4.2 BEAWHT

LOTL OMBEMFFIIIEL L. H2BINT—%
gWBoNL &, BEERERKOLOVELNIZEEZ
THDB., 749 Yy —NNERLRAMEETH S, Mg
MAEIZOWTEZTAL Y. RAMENE fFTHHLEVIH &
o b & T, Hf DFERHIH LT, Bl 2 AEHE IS 2 IE
BEOREBREN MDD > T g AERLAET S, BEDF
Wiz 0, 5% o® L35, TOLMMNEMHRII

M _ _ 9
Plglf)= 11 /Zilr?exp[ Lgn Zéflf)m] ]

|-l le-fle|
LEIFSL. Iz LE (ikelihood) £ E9. MADONEKE
o T, BONZBT— 5 g 2% LTInP(glf) 2Rk
B fRMIPEEZDE, |Hf —g|* OR/MET b b
IN2 FEIIRAET S,

FHEGNETH I, B v Vg DERHE (HS),, DR
T URRIIHED EEZ DL L, ST ERERIT

(22)

M

Plglf)= 1 1CHF), 1 expl~(Hf),] (23)
L% b, ZONBORKLE
O (F)= 3 [(Hf), — guln(Hf),,] (21)

m=1

ML B fFERODB T EITRET . MR
WO BELMDRSL., 22T, BlF—s SRz E
BB gn m=1,2,- M) CHEHEINTWVSZ LI
P (WA

2)RD Oy (f) 13 f OB TH B, ZORMAEER
5720, R FEMICERTLET VT XL,
XM CT DML L & 512 SPECT/PET »3f & 7z

IZEHR SN [38]:
U Z p k) p 0 (25)

2T, DY AT H B, ME CT OE3E% i
e, BEF—5 g b fO OREHFY L ORIET B H5
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Bt ol¥ =g/ (HFW),, m=1,2,-- M) 2R 5B, T
DHERDETHERZ PV W b, BAPTRTL E4o
o7 Mle DB EIEH oW BEL U H e 2RD 5.
INS o0 MBIZBIT S MFEMEO L

d;ik):(HTp(k))n/(HTec)n <7/[=L2,,N) (25’)

DWW oxtmEREETS. 25)ROREHEH»LT S L,
By gn TRCHIFEAOFRETH UL, R £ o
RTCORHFEIIFAICHEET S L, MEMIZBOT LA
%B. HETENESE, S, MR Z 072 3 R D
—oft b7z,

Oy (f) BIEIEREETH 505, Z0R/MEIZBWT
XA X 2 ESEMPMAE L V) WIEREZ IS 22w,
LA L, EBEEFPSLHBTH S EIZEZ 2V, BIRED
REVHEREICB T EALHHEREMEE 2207 R
5[39]1%, 4 HHDOFITE =L H A5 %P7 T A<
WS CT IZH VT WD, o w L DhOFfEREL
L7260 & L Cid, T.Craciunescu & [40]12 X % KEI%:
& JET O TR CT ~O#A»D 5. i3, i
R2HMOE Yy R—)vHh A TEREIZBNT, HHEEOHIME
77 ¥ M AT B R AR ST . JERE]
K& 5 2 2B I ReEn kL ons. Lal, H
REBCE ORI S L2 ids v g —D A 2 v, Tik-
honov IEAMEIZDOWTIL, HfFEEARRICERS 7 7 ¥ b ADS
HY, T, F=IEIM=19 L5 GCV 22
HTWEBBRRTVE, 2w L &iE, BEFORERIY
AT TIED, BREOKTIRE S, BARATHRZZVD
DTH5. BEEBOWRHBANIIBWT, bThH M=9 O
BT GCV 25 & MW ICE) W 72 REBRATEES CAR) 121X
HbH. PHROEETIWERE X KRBT T “BEIMS
Iz ) ZETIELR25 9 .

Fhi ey, @RXe@XoLEE RhiZ,
Oy (f) DEMEIZ|HF - glI? O/MEEFHE L TWwWh. &
HIUZ, Oy (f) ICIEAMEOEZH) fHFCTaz %, Bl
AL, AiEOMMEAEAL T,

A<f):a’d(f’fref>+@ML(f) (26)

ZHR/MET B E VI EHNTH S, EMH CT T IR
BICELY B sn, $Biko [ 2 v aqbx G T, KB
BOLODORET N TY XA IHICHEIN TV S
[41,42]. fHEZ: MEBIHE % foof \SHWWT, BIEOE % LT
5 EFFFICHERBICHEZ T2 & vo v sh
TW5.

2.4.3 ~NA ZHENDIRE
RAMEEEZZEZ 0 5120F, b —HEDL . HELE
ZELT, BllF—% gnhzonizb &, RmmE f
FMATHLEHD? T OMRIEIEEN EHEP(flg) THb.
INDPIRKRICHRD fFERDTUTEI D ? XA AZH %2l
9 &, HiHliTHo 7z P(glf) ERNTOLH5.

P(glf)P(f)

Plg) @)

P(flg)=
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NA ZHEERTIE, P(f) 2 AR, P(flg) % Fitkffsk
EE). BT —% g PERETHHIB L UOHRO f o4
KEWI)EBERTHL., ZoEMHIE, BAWNER g bR LA
ZEIZE T, BB E - THiR f OERERPED S
ZEERIHALTN A,

BT, ZOHEZIER P(flg) PRRICED fERkDBE
X, B0 P(g) 13 f LR ERTH S, £LC, RIS
P(f) 2 fICEDRVER, T4bb, BBRNZMENE -
72 B TEABEBGS FEMHETERT S L RREE,
“P(flg) DIHIAL” ZHIED “P(glf) AL (RAH
E) WCRET A, Sz, P(flg) oK LICL S
FOHERZ, FBOGT- DA P(f) A 72 725 e
EOPWRTH 5. MR P(F) &, BMETIA»S, Wik
HR fZHZD fFTHLMER] THENDS, ZZIZHhHE
DT AN RS Z KT 5.

Wi, BT — 7 IQIEHEORERZEIMb > Tn5 &
LT, Plglf) ic@)X%& v, @DRXoW L%
WoTHTEEZLE, KADBHBOLNS.

71np(f|g):71np<f>+2%2\|Hffgu2+const. (28)
TP BFES B wERTHIE, AlORMUIX
RANTRETHY, MIAETH-72. ZorkE, (9)K
WKIEEDL T 7T v D 2BBOXR, ST 5 &, AUDOHH
—InP(f) FIEHHEDIHTIE 2\ 2.

FEBS, P(f) HBBIEE fro DR OERDGTH S LR
7LT,

P(f)oc T] exp|—=i5 (fi —frein )

- =exp
2
ne1 20

Ly o2
20‘5 ”f frc(f' )
29

@28 AABITHE &,

_ . 2, 1 _sl?
lnP(f\g)—ZGg If = Fret +202 | Hf — g I + const.

kb, XoT, 2O -InP(flg) OF/ME (P(flg) DEK
b)) &, a=0%0; % IEHIML/$F X — % & § 5 Tikhonov
EHMETH B, F72, FRICLT, P(f) 25 75 254

P(f)oc T exp (30)

n=1

ERZER, BED L 2 VAIEHMLIZZR Y, a=20%g,
DIEAMEISS A =% 127 5.

BNONT, botERIE, TV 0¥ —% exp DFIC
Fed 72 b DEHFMER P(f) LIERAWITA LS, KT
yira¥—@ MEM) 2d%b. ZALRZ LI BRI
WEL” LEHEZEHITHLRV. Ertl 5[18]IFZ2DOXA X
a5, MEMIZBUF A IEHIL ST 2 — 5 Ot %
Zz712. GCV Oz 0 L iZfloATH S, BlIK
HOKEWT T X< CT (BT, FRED 2 FTFHMEE R
e O 2 ML Y /S5 BT — 5k
DF5) BT AN LI HAEANRONS., &

7%']‘;1 7f;‘cf,n ‘:|
0
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DEFICEZ DGR SN,

D bEoRA ZglE Lz “iiEEh o EHmRRK
b~ DIEIRIZDOWT, JKlL, KBV T 5
[43,44]. 2.3.58iD7 1 v ¥ ¥ —{EHER/MLO L Z AT
W72 X912, BRETIZED CT $i% T, FEE LRI
BOWTIEHML CEEfL) %2R0 208 H 5. Li 5[43]12
o T, QORDFHMERZILEL, WBMES,H =
1,2, N) HEGEATH 2, O N KICIEB A6

P<f>zm exp| 3 (F=fuet) " ;1 (F~Frut)

(31)

THERTL2IDLRRTS. I O (k1) BHEE, 2000
FMf, BXO [ BEDICAERT L EEZ L OIS
c(k1) HIE) THAH. BEOHE L WMFEEBLLEE,
I MHZEFNZOWMENSHEND & LB, c(k 1) BH 7 A
BCTHETLIOIDET S, MHEOZDIZHFERWITMET S
ELT, BEOHMMNAESE L ELEL). FLT, &
k BFEAFED AL (HRARL) OFIcH L A, xR
ELBEL, BOBPL WHEBTCII A, EE2/NSCEET S
&, BTG U722 Wi k25 iE 5 b O Tl v
ZDEHITE 277G RXOHFHER P(f) & (22) XDk
A EERPelf) 2CHRXNOFFICHWT, 20
P(flg) #mKIZT D feRkod e, XA ERORD (5%
VD).

f(a):(o-zz‘;l+HTH)71HT(g_Hfref)+fref (32)

CIT, EMDONY MV, FHD 6T \ZE TN A RA
NG A—=%2, Lo (BT —% g DIERMERAD 2 Fe By
i) #FLOTHEAMWICEKLALDDOT, B2 THIT I
0=[A1, 4, Ay,02]T THB. ERX% (20)3® Tikhonov
WAL DfE fr & X% &, IEAMLIE® oCTC 753‘022;1
WCEEEDSTWAD, 2O HICHEELLLET,
o’L N ICEEIND 0 &) L0, FHEBRIEE £(6)
BRFLI LIRS,

FNTIE, 0 250507 Liblido omLiEEsr
BH$%. 34bb, BT —2% g \ICIERMEOREI M
bolzk L, QXG0 f£12 £(0) ZHATHE, LE
P(glf(8)) $72bb P(glo) ik

1
V2no?

b, XoT, TNRAIZRS XS0 (ZEHMICIE—E
ZANBAREEE A, (k=1,2,-- N) BX 6% #Pd 5D, HEE
DEFETIE, D P(glo) DRIRALITIZ AR T 2 H v,
Avy 6° U 2% DT, 0°S '+ H'H & 3 L A% — 551
L CIRBNB75 % v, ERELEEZ G £(0) 25
L CHAMEFMT 2 FREZANTVE LHICHZ
. FHEETHICEREDOZETHS.

Li 5O ERHREZ R4, 1517 F. K14 (k) OHEBE
B (TbbEFAa6 H) 128w T, 77 b2DEEIC

ALBZMA TER LR T — % g IS LT, mAHEET

P(glo)= (33)

exp|—zlg—HF (01"
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2 Reciprocal of local length-scales

21

2.2
R(m)

K14 Max-Planck REFRD X 55 L — 2 3EE W7-AS DR X #R1%
RECT: (A)XOA FIHEICFHEShZER—ILH
AT 8ADHREE, (H) KD5h/AFBIE/NXTXx—%1
1Ak DA [43].

Yo SN2 1A, ONESAERIE (F) 1RSSR Eds
T AR THL, FAHTHL b L) PES R
Z &A% H 5. Tikhonov IEHMEIZ B VT, FEELOTR S A3
MEIC L > TEDLWBMN IR TH L. 2O T
A —F AR T B PRI A5 (h) ITRENT
W5, FAX (7)) ® MEM OWi{g & x5 &, JHBHRICE
WTRELTWA., FIZIERPEER=19mOWH% R 5
L, WEEHAIE L CHEBR LT LESINTWS., Z0%)
RIFEBET - F IOV T HIER SNz, ZOHMBEEREZE
11, 120845 B S OFHERIZT CIZTHflioTh
7o B, 2HMAATRED L) ZIRGCETIRITRN
LCTEZETHOVDPHEDID/Z kB,

COFMRICBVTIE, for=0 EBEINT. aZEf* 5
T TR D72 & H NI, (32)3 » Tikhonov B % f#
FO) R THZ 05, BHREBEmGIIAMBEZINYES.
Tikhonov IEBILIZBWT, CTC % H5EATHI DMATH
ZUCESIA 2 2 E A, 9CI20024RE, #ifOY
a3 Shack-Hartman %t ¥ 3 — O B REIZE A S
1, Kolmogorov D K&ELIEELFIC D & O { L iAT51 28
I b TE T Ab45]. ZOMIEN, 77 X< CT
WBEOHBIEbETIRINAZZ LIRS,

ZZT, MBEREICBT AR EZIRY Ko THR X
I, WROWIE f & LIKEE b, DELADE

Np

f: 2 anby (34)
n=1
0.2 (a) Non-stationary GP 02 {b) Maximum Entropy
0.8
0.1 0.1
- 0.6
Eop 0
]
0.4
-0.1 -0.1
0.2
038 19 27 220%8 19 21 22

2 2
R(m) R(m)

15 W7-AS 73 X DOBIEBHRER : (&) #LLwA1 TEEK
& (B&RKI> hOE—K[43].
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LT 5. I)ROBBETVOBERERTHL., 0k
&, R0 Pglf) &

Np
Plglf)=rexp| —girlg~ X autbal’|  (35)

V2r0?
b, Hmo Hf IZBWT, HET (75 H Ok
w7z, Hb, (3K B, (r) OBEHEHTH S, /85 X —
¥ an m=1,2,Ng) BEXUPo? %20 TEKbT L, RN
Z MVEBRRMOOIZERN SN TVDE»H, EXo
P(glf) iZ P(glo) LEWTIw, Z2LTC, 35)% AL
Thb2b LIS, Plglo) @0 [T BRKALIZ an DK
N2 RHEEIIRAE L, B0 2 VA 0° OHEEMEIC A
B, HRilEGHXD LD ZHRBETNVIRE Z &%, €
FV—RICBLT, =M - o OWHEMZEE LT
EFVORIERDTHIEE (AIC) %A LA LiboON
A ZFERBEIBCT, ERSGOLSH (k1) &
(32) RDHEE T VICHM L, B3)ROEKILH IR/ 2 e
RIS T 5. AICIC & B IR# bIZYS722 b DA%\,

Li 51, ALKEDIZ, MEHFORBED LIH LWL
BEREL TS, EOPBZIILEAN»S [FEEES
v AWM BEMIcEbR, o, WmXIEERIcEINT
Wb, U Loff#ss, CTRHlloERL B FE 272, Yok
WA THNTENTH .

NA ZHFE, BEEATLZ 20 BEETHL. T
5 (46113 D 3 KICIEHOE CT 128 VT, ZRBICIEEL
7oA ZEHE AW CTHMBORAZIT- 72, JWEOECT @
ki, MoOERmMD D 5 i s o B OMEIET 2 T
b5, TORD, MOREMEIBBRIEETSL. oL
Tikhonov f# Ti%, BLICMWET %135 DIEEIERZ 216 (b)
DX IROEMICHEE L2035, HEASLVDIZZ0%ED
HR Y 2o T, BHREOHESEIH T VDD THA
AWM. DT —=F 777 bHEFNLEE TIERLE 5D
&, FH () ®XHITIHFBHFHMIT TS5, 2512, L
J@ONRA XA S EAMLOBEAMFIFICTREMZ T, 2
DOGEERML O G EIEII L7z, Li & &M Uz b -

(a)

(b) Tikhonav regularization

T
Tue position (without sensitivity-normalization)

]

* {men)

(c) Tikhonow regularization (d)
(with sensitivity-normalization)

Hierarchical Bayesian
estimation

X16 WEHPFNET T 71 DIRTHEER : () EZREADEE
&7 7> ML, (b)Tikhonov 8 (C=I), (c)C &GN Z
WHE TEWIERME 2 5 A 2 ATIIICERE L -BIEK
&, (N1 XBHwmD S DEREEZNRE L ZBERG. KK
BENDHBED~ v E> T (topography) HixETRE N
T3 [46].
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7 TH 5.
2.4.4 EREOCT

ART B & U Tikhonov IEAMEDF RIS &5 5. AT
D BEXHf=gB X ORD2FEEOIERFEKX
(HTH) f=HTg \Zx LT, GHEMNLAEEERT L7012,
MBAIZ LA, BB LS, [fI° 2w L Cf|* of/ME
ERDTE 7.

CZTRZ VD VA || BEDD 2 FHMOFHRT
Hb. XMV FTHRL,

N 12 N 1/2
|f||=< ZIf,f) =( Z Ifs 2) (36)
Thb. ZhElL, JVAESE)., ZHIZHLT
1= 3217 (37)

CEREINLIFlL R INVAEEDS. ITT VAR
A(f) 2BV, EAHLED I, 7 VA% 1 7 IV AICE &R
ATBENDOEE LLELE LTS, 19D d (f, foor)
b LRI L TEDLS.

WHNSEERL TS AL V20 THhIUL, g
f(r) o 2 XA (gradient) VAr) DRKE&% 1, JIVA
THEbL, MR8 ERD. Fn BFETORE
WA DIEE fin, fon EFEDEIE

N

2+ A" (38)
L BH, THICIERME YT X —% o #2217 CTIEAMLIAIC
V5. RHSEEEmEHEOZETENT 5. ZoRAlik
Rudin 5 [4711285F 1, Total Variation (TV) /ML
Iz,

SOOIl IVAEHGVDE, BEWERO RPN
WD LB (A78—R) BRI LT, HHEROGH
BEAS LS. WHEDBEC D&M m - S, 2k
ABHAEAE (M<N) THoTHHGEEIELLHEILTE
%, HHVIIEVIERETHEHILTES L) —HOEH)S
D.L.Donoho, EJ.Candes 512Xk o CiFBHE Nz, B r 9o &
0EMDOZ L THD. I, / Vs (HIZ, /VvA) ZIFRKL
WCHW L ERREEZ BB L CEME Yy Yy 7es9. Hilg
BAN= AT W E ANTERLT 2 &, ISR
WA, I VAOERERZEERREEZ D 5T IIOon
T, FEBENRF D0 5 [48-50].

I, 7 VARG Af) BIFERETH L. BDRD|f,
BEBM TG TE RV, A(f) BAMEDREFIZB VT, IE
L WFENOPORE 2 PRAE S 2B EL & Ay, 0 12 W i 24
20 LESLEWHEBEEE AN EREIET VT) X A
BTSN TV 5. Hf = g OIERME TIEAIEZETNE DM b
n5s.

COEMY Y v T OISR E, FXIEDTH
b, WETI, BELEBOWEGHEER (2 X057—-) T
WRRE) B AENI51], S SIGBEERTHRHCOW
THRADOBEINAE S, MERY A XOBI LG 2%
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MOoZ M ENS([52,53]. 7= THEEOKE &
WIFERGUIE MRI T3 545, [Effit v ¥ v 712 & - Tk
R RS ARSI 2 5. BT HMBECTICBWTD,
Pt G s ARM FE T H T L 72[49,54]. TS
[49]D¥iE, TV /MbEHWT, 12080322 7 2 3k
FEOWREEF 1/1012K S LThB, fEkL ) IR
HERCIIE 2 13T\ 5. BMEEHAN & LCTEBS LWERT
H5. EUHROBEE, KREEINREOERE - WiE
ZOMIARD BIRE T — 7 OBIEIEE RS &) IR 2
5.

BREMRICBW TS, BRICEoT, 72, BHZE
WCEESmE AN, FIZIER6 (DL HICTI A<
W{R2IIBECTH VL. T, EHIRELOE LT, Wi
DRIRH Y BB TARALR & &, REATHI H % HEE
L2o2oMW{% f % F A3 % ¥ M #E % Blind Deconvolution
(BD) &E9#, fHEEL HEEOWMIZ L, /v ATFEHIL
ZI0ALHIZEA B 5 (55]. Wiener 74V ¥ % fdi vy L-curve
Lffio 72 BD Ol & LT, SCHk[5611 1, / )V 2 O#ipH
THALIDVEERNTH S, MONWLHEATH-TDH, WEk
O H ZHETEL ETUE, WHEHNE L TREE V.
2.4.5 AREBEFEHIEIOSEEE

30 m S T, RAEK12, 0001H o ¥ [H EE G 2
1 ms CEMTTLEENEIRD LN, ~HOBHETD
WA 3 RITIZRIUE, BREATY H KB % 5. 2K
FTLCT TY, BHZELT 275 XA~ Zmz 723K
TR Z T AR RS, Cok &, BESRCT
DX H DB (EFEOKREGV0H) Thiud, 0%EHE
OFEM % BWE3 UL, FIEIIEBICRIRMIC 2 2 [57]. B
% H # ¥ 85 (SVD) LT, EMERNRZ b IVATEE
¥ o B RAITINCERT B DI, BEEEE LTHFEYD
5. H BB IS E R R AET VT X 505K
ICAFZE S T B, #5312 Krylov ER20-22 0 2 Vv 5 31550k
X, BIZIEENTO L ) B> CTHETH 5.

COEWEENLT, b, JIVATFAULD 70 D& # 2: )K
BEHEY 7 b = 7 hEGE, BfShiz. ZoREEHEIC
BT, KM E % MW FE A % 82 2l &2 2 2R ]

CGLS-NRSS0R -

w §
. BAGMRES-diag. —@—
10 BAGMRES-NRSOR —@— [T

10— i 4

1

10 20 a0 40 o) fif)

" CGLS-diag, O ||

1074

10~ |-

10-5 N.J i

Relative residual

106 e

10°7

1078 1.

CPU time :r-l 't't.’l[lllﬁ:

17 H3&/N2EMBICH T HIRDFES @ BDfEE &N
T, Krylov B85 ZEE BV SH LWEEE (ET) @FEEDN
RRICED § B [58].
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RE AN T, WRHEOEWHAHEIC T AT Wi
ERPHELOSERELRBALRTBL LA B I
MEM 2 & % IEfEfb & FAkZBI4t 7%, Tikhonov IEAMET b
#eZ5[59]. F7o, BEMEZEOT, L HHOEVWER
BEPLE—EHOBN TV TY) XLERZERTWS
(60, 61]. BIAEDMBERIZEIX, Efit > ¥ ¥ ZHFFRTT
X7,

2.4.6 777 EEEAHK

BBRRBICOWTY, HILOWEERRIRBHINIDH 5.
HHE621IC L B, (EEOBREFFOHEN] 2L T
LIEHERR (57737 VEEEER) OERTH 5.
EOREIMTEREE,r L V) &, RO ET4OOKRE
BEENEZVLDDLOENPSRLZARGED L (KD
A MONM) T X, #EEIZBNT, T4
IVLR AR Y OBERGFMHIMEZ B, 2.3, 68ilCB VT, B
BORBIIR & BRI, BRI R D X9
WARIEEE Z o> T &) P, LTV RIEOMRE I
RSB BN ANV EERRP Ty V& 3 KITOBAE
BEEZDE, INFTTLDOL Y- REZET S, K
SR IRH A TERE6211 B B, T, AFEOE 6 ETH
BIRHBICL2MHP SN,

2.4.7 BE-N2—-FRHEDORE-

EHEZ R OBRBO I CIIEH{ED A7 FIVTH B D
b, 3777 YEABBEREIMENFIZL o THEHBED I
F— VERRICOMER B, Ny — R E S 2T, B (dic
tionary) EFFHENZH LWFEEL L TWa. HHICTE
I &, SROMBNGd, %57 M VIZb ORI RV
115 Bp #2<K 5. d; (4R a; W78 E (ERE
DEME) TXRDOLHIET L.

a

Bpa =|d, d; (39)

2T, alda G ETHEINRZ VT, ERXOAHIE
BHROAHEBEFULETH B, 22T, —2OWE FH
Aotzb &, [57% 2 FHl| f-Bpal® 23 5 HI25 L]
FERLT, Iy / Valal, BSANE B X IREBARZ MV
a ZPOLH. BRI 7T v YV 2B EETIE

lal,=2a; "
1

THDEH, laly % “0Thva OBE LHICERT 5.
ZOR/MEDFER, W —D D a, IR, Hifg fIEH
3HENDA, Tholz#BHMTESD., —2I bR T
b, Wi} f O5% (clustering) \TMEX 5725 5. HEAHD
B THELEV) BEIRTRIEMICT 572012, W% 555
WZHE L, REESHEES 2L, HHEro2 5%
OFMEIHEEINTVSE, ZLT, BOEFEENTELZS,
EGFARBROELIERICHZ 5725 9. MHEFE Ly —
YRR OBMAETH 5 [63,64].

Ala)=alall,+|Bpa—£I7, (40)
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2.5 EHRIOEREE EHIC

DLk, #1252 B 1il% & v ) Bl T, Tikhonov IEHI{E%
WICHBEREOREYH LT, ThA2b0RERE R
oo L L#EMEOKD) - 2 - REOKEH I, £
25 (1R L) BN oBEX 2 HEOWAFHN D % 20
KRBT EZAIZH 5.
BNOMREXS G5 L, BHEOEREEFE 2 TTR
T2 L ZAIEHBMENITENE TN, B E TICILY
FOFCTELRESTRTTE 2. O Z IR
W, RO ERIEZIEDINS X —F %155 F5 R OWF%E
BEETHH65,66]. 72, Hf =g ® fICHl#HELE 2o
D g ORI E ML L THHEMIZHFIZE 5 POCS 2 [67]
WHHL, WEHO—ER% FEMCEREK T 5 Local €S T
TANOHY) AR H L. £ LT, Wb 5 Interior H#
W2 B ek (6811, A RTREIC BT B BRI HEA
DHEDE L TAEMIIEELZDOZEL TS, EH
CT D728 OFFRE DR b AR 2 fFHATCIK [42] 12H 5.
IR (2)XNEH L~ A 7 a il CT T, I
THBRMBHEEMD Y I 21— 3~ (FDTD #&H) #17-
TR EZ BT 5 AEEINER ST 569, 70].

fn)s, 8- BHOMD 51X, BIAIERZ PV IES S
T4 DEHZ, EFIHE LTHEELRT L CT HEEns
EER TS5 A< ORI, SET NS [71]. T2, BN
Ly ARG R 2 ERRESAHERE LD, 79 A< KE)
HVAHHESOCT T, HmWHOELEDS (1)Ko
X9 R EEL L 2 AICEELRIEYD . WiELF
YEHICBWTIE, L—Y—F A FEZHVLERHED
NEZ T T 4 v 7 EHEIC, BAOHF & L CREHEE 2
RBWMESPEATHS[72]. I 2 —KTFZHVEKLED
NEFST4EIRED VY 7 A TH D, RIBIZHESFD
ERD—D%RT. WHERE, ZLTEEA AT TH
SRR O IEMIERE F <, FHOMEIZL U T#EEE
ARG, HCTRLT, HEEREONZEIEEEIC
HELODH 5.

2.6 BHYIC
RS BT — 5 R LR R LT

-\; nl|.u'|'ﬂ‘:u'ia"4/

o3

0.08

0.03

Depth (Mm)

=0.03

-0.08
0 40 80

X (Mm)

120 160

X18 AIGERAIGE [ODT] OF—42»5BHEKENEAR
BOKTF : &F (BHS) O3RXRTZEESHORERE.
HE®KCT T 3IRTANBHEESID. [OOT]HE
RAT—IVOERHEE RIS L £ [73].



Lecture Note

B RICEHNIC—RT 2B 25572012, BlllowH
BEBLFBREN TS, ZLTC, BHIARED7ZHIZK
BARRLTHEPAZIC ol &, T2, MU MOEWE
HAARRET 2720 REE D o THMPELEMI R o728
&, GHMNRHNEL L CTREYEET S, ZOBL, B
A CT ® FBP #1253 % ART MY ST - TEHH
DHEFELVERE T, RICH 2 58 % sk Lo 3
HZLICEST, RYEBLEM->TEZ. ) 0IHBlET
—ODFEMLTAYZ. WmOMNEZRINIR Lz, FHEL
MIZEELDRICR TS, SHOHTRNZE, XA X
MmN O EREELZEDTELESL) . [HEMISK
WERELFF] EEH)2EHTEDL. BIFOAMELE LT
SCHKL74] 2 #HA L 72w,

&%, TIAROBREEHNCHZIANT LS. BEs
DR CIADIIRIZBWT, 75 A< O8N R28 & &
FWRIIRE LT —<Thb. L~ raks
M, BifERT Sk o) OWNES RSN TEZ.
MO LI, Sk, 0) ITETHEDRRED Ene(r,t) DT —
AT M. (|ne(k,0)f?) THHH, ZHIZMHEZTS
NHMENRETH Y, HER n. (ko) OMHIZHELZ TV
5. Bz E, 79 AROBRIEN LY Z TV 5.
COBEBHEFHNOERPEI N EHIL, SEE T AH
BDIZODREFORMY 7Y v 7IETE Ld oz, Bl
BOHEELVEDTH 7. LA LBETE, MBI
WHERSNK, BEOEHY 7 v R TETHS. BL
REEHTHE, 2oL X, BELZ Sk, o) ICRETL
£F X VANVEFZDOF—I 6T CICMHILARY bV
S(r,o) ZRDTBWT, MEDENRZ MlrilonwT7—
VIERTHI LR D. ZOLEES(r o) DriZXKE1D
g, MREREEZ LT L. L2 L S(re) BRI, 12
LEOMMENET “WMIHEOERAE 2L CLEF-72RT
H5.

—J, A7 ORICIBIYETS T4 - FUTFTT41F
()R 7 ) — VEBEBICEOVT, FEAIBT5

BN Hf=g

) SRR (%R B HER)
| fe/ " min, ||[Hf -]
4
| ART SIRT |  WHEAYZ2 ERIE « || 1P B/
4
| | min. aR(f) + ||Hf -glP | BRI ERNE : ROS) e/
R (1) R(f)=|IfIF TikhonoviEH{t (TSVD, H)
=||CfIF WA T C
(2) FEMIEAL Entropy, Neural network
Efizrvr s (1 vn)
v
WeEHEER  Gauss - Poisson i EERE K

+ IERIHE
ISR AR IERIE

I

~A RN

=19 #EICE5 Z 3.
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cr) ThbLbEFEE) OIKRILOLEFOLDERKD
5. F, WHREH»SORENEFHT2ARBOL—5
(SAR) b, #ZWHNICBIFDREO 3 XTLHEBIRED D
DERDL. X574 BLUOSAR T, —HRPLD
BNTH > T, AFHEORPTEE 2 THAT X HHRER
b, WTRIZLTY, RKFLDDIE, HARAIIBIT LY
KORZFDHDTHL. FOREFHETRDL L&, SHH
FERETER LTV 5.

TIARIIBNTY, BREKEOIEERE— FIZoWTE
ANV LRIV BEN RS D Lo, FRES, FERE A
TEEIHE TR DT, El O AGHE ST — T3l
WENDHONPRENL. BRI O W FEGEL O B 5w 75]
i, e OBEBFICLEHEL S L2255, X7 —DH
M S(k,o) ET—WVERRLT, XOBEP2R2EBE2
LOEET L. WAL Z 2z 0L AL, 79 A<E
WEFEFTE “NE BPENTVWDLIOTIE RS ) H.

I

FIARHEDEZERAS - B iFalR L > 7 — D b LIZHfES
N7z (g O BB eS| S RIS OB 72
RHELOLHDYIZ %Y, Az IlH7zo THFEFITHK
Voo, ZMENIGERIESCHEZRLET.
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#FCTH 5. SIRT (Simultaneous Iterative Reconstruction
Technique) & & b2, MEHBEA Hf =g 12 LT, XD
HEE O AR 2 8.

Bk MEHOM fOIIMZBBIEEE Af &5 5.

R -1
[IART ® Row-action T :

F=0 (1-2)

ﬁ:&iﬁ%ﬁﬁhn m=1,2,-M)  (I-3)

ZZTC hwlZHOEm AT PVOEETDHS. Hm
ROFEE gn —(HF W), ZRD, TOITITBT B85 honn
DILFEEEZEL T f Y OFMEMICHET 5. Kaczmarz
EHIZ ERIC X B2, EBIIZAF ISRABEZNT 5. 2
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Ik, PR, 72, =0T m IZOWTHEH L
& LV P 2T ISR m+ 1 OEFIH AL
HEND. BFERDOLCEGEOHBERTIE, Tk %l
BRI R .
[ii] SIRT o [ IFEEHT -

CHRI9TIC &AL

f(O) :DP_IHTg
Af:Dplel (gin(k))
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1-5)

E3 5. Do I ZIEMEOM AEREFOMNAITHITH 5. Hik
S CT Thiug, Sfigmg H g 5L T, #fio
% EHMFEIENSERMINTSH D175 D, EH S
&, ID A s/ OFRINH T B . IR TIE S 0ROk
% Landweber X & F 9. D, ' & M 5 &R 0
0 &L, OIiMEOLTZILDL . ZDLE, o
AMREATH H RS % B 5 5l % Gl 72 01X — e ¥ AT
IO Hig RS % [12,13]. f8ko (VI-1) Ri2BiF 5
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It (EA S 2 BEOEATH]) LiE-T, B0
D, Md HT oI 2 RITER S,

821 175 H OSRESHREY)IIET

19 A DR RMESRA=UsVT &, RI—1187 &9
W2, 22 AT A LRI POIEHBERRU=
{um (m=1,2,-- M)}, V={v, (n=1,2,--,N)} &AW T
5. ul.Tu]- %JZU“viTv]- IERZ PVEOWNETH 5 DITHL
T, unv) A LU MxNFTHTH 5. RIATHEZD
FEMBGLEALRL, "WEONE & “WHieT 2 mEMED
RO E3iuL, A ORBEOBBEIZ unv,, % HIK
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RILBOREFLOT, B2 (408 £ 55 2207 T
FHRVERAND D,

SOICHEELRZ LI, BEEHANELIUE, 7y -0

Gl

Feature space {l_0,0DO-dim:I

Grayscale image Feature vector
(100x100 pixels) (10,000-dim vector) x3 1 ez
Bitmap % 235 > N e*
feature : i ' ’ X .
: >ox=| _Xa |=| 72 A |
Brightne;s of \xmuﬂn 1(.31 Xo ‘ |
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-~ xXx= d = e
Histogram \k : i ; - 1 ! ‘
feature X255 43 % | )
Feature vector
Xq
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=Y I D—=DThb. BAMIZIE, FERHFENZ MV x 2 LR PVIERE f(a) ZTEHSETWD 2 &4 5. ARTIERRE

TEBRWA, Ny —=VRIZBWT [H—=2] w9 JHEER
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R, BEG (79 ANOER] LW ENNEH L. Hito
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ELCBTE S, HIC (D ROCEM OISR TH
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IR OCRREE L ERT AT H 5. 2, WiR
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1. 3135 - oEE L RT, BRI
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3. BAK L O E—~BFIELTBVT, 1o
POREE) REHEART S (RRITHS221H)
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EOEE I, BRMEIZOWTEHBRITTE VDS, HSW
SN X BB O IO W TIL, 3.5 TED—f]
ZIRD, BEORIRIZOWTIE, FIHT 58582 ST
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THb. B HITINMZ THRED LA 558 % 8IS 2 ik
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Representation o
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FIIK I L C 0BTk 2 R0 130 2 O HER
THbH. BEWEERFR Y — 0 OR, NROHA OB
g, 77 AY, EROFHLRLE, e LERIZE > TER
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WY, FFRY =L [BIE] THErL, BbHAH

IREBFARPZVIE)DRL VDT THS. ZO—FT,
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& BRSBTS S
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ELLFERTEDINICL T, MR ZFHET 5. 20
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3 AWMTRETRAFSNRY MVOMEFROEZE»ZET 20, R FICEIVMEFEROFER NS — ek, NEFLRALL

ZwXHEEIhzw.
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chanical Turk 23Z DRFEHTH 5.
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MR LR LG L, WATRBEERARL 6L
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RETHHETHS. B (A IIZEOHTTHS. THEEK
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NeFETHSL. 7272 LR E OEII DWW T
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y UHEEE LITIEN D) T ) E AR 2T 5
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=V EBRNT L HETH LS. K5 (b) DikpIERE RS
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YREFTHY, ThUNDOEBI NI ERDbRPL. Tk
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gx)=wix+b=0TdHos05, REIVHEELTHSL. 2K
TR CH UL, 20 2 RouheszEm P 2Eo3 ¢
HHEBTHET 22 LR D, 3K THIVUTFRT
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5. BRI & w 2 R/MET BHEEZ L. ZoMT
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6 R6DBFNIBIFBET Y —VIEE25EHTELDOT, TRTOBKUZMWMITHIEDE. LHPL27FADNY =V
DERMNERHEADRUELE, ZOL) BRRIHFEELEL kA, KE3.4.21I2BWT I ) LEREOLBEIZOWTERS.
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g(x)
gxX)=wx+b

Minimizingw  Optimal

\ solution
| ¥ ._-.... C.onstraints
Class 2
L OO0 O~ AA—~A -
" ; T x
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[ e L 3 [

-

Constraints Discrimination boundary

by the optimal solution

6 SVM DFEE.

NZEILNRT—VBANEIN) B, BHBER 2 hIicE <
LT, THOLNNY USRI NS ) X7 2 R/ME
T&%. 2H2&9% (FH Ry —=rPDA0) ADTHLT
b E IR TERE 2 MR 5 2 & & [I4L] (generalization)
LI,

BEOMWHEIE, SIMORFEORIZRLTWAS. 3.3.4
HITHBRZZE I, BINCEELZDIZY 5 A5 Dk
fhiETidn <, L LAKRMED (BkZE) Ny —2Th
5. 6055 bh»5b L2, SVM ASHBIIIZEIN LAIH
TEDIZFRNCZ) LEEREDOLEDIY -2 THh
57, BANEERZOLEDNNY — 2 TREESRD &
W Z e, MIEICIZZORED NS — 2 OFRIZT A
FIHEN, o8y =V FABEL WS LIk 5.

SVM iZ, Dbt 2 oo X b, Ao EE <
¥ —THRFEWNICy T AMBERZ | Z B850 B L WAL
B ZHEH o TwB I EdbRsb. ZOMHD, Lhni
BNy - TOBVRIBEZERLTESL L) SVM D
MATLEATVS,

3.4.3 HR—BXY ML D 2 DIER

SVM IZ2WT, KD 3DODPWRFEIZOWTZOMES
WRE, VT Y=YV (REZHETELRVWGES
2T, HIIERBAL (Tab LR IR E R
12), ZLTE=ZICE 7 FAETH S, WIhbian%
LRI D 5. BRZEEDZFEICOWTIE, HME B
Z1X[2,10]) 2 TEWZE v, FORBE, AR TOEE
W) 7% BRI 2 L 2
3.4.3.1 VI hvw—=T

kD@ Y, HEARKZL SVM TIE, (" 275 21%5
glx") 3 1DL, 79R2%56-1L0F] 230255
ZMEELTCw &b 2RDTW LHL, BI6DWThy
DOL) BANEDboIE L2s, 29 LzHREM 2
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T ERARWREIC RS, Lz > TSVM BETE %
Wz kiZhoTLE ).

ZFITHEINLOFR VI =V ThHA ETH
W2, THF M 722 2 TP, b Lg%
Molzb, dlilS ol RFVT 4252 5] L
VEZFTHDH., —HOBMTHY, SIME LCTldw &
b OFEAITIZ T, RFIVT 4 OF/MED FERFIHRL &
bl s o
3.4.3.2 H—FIIC K BIEERAL

3.4, I T8 SVM T, iBIER L E -9 I
d. LELAGHPEMCAVHMATY2HAE, Ho
CHRBERT27IARIELLAGTHTEL LIRS 2w, vV
T =VUTHRLTH LWV, ) —2DFZFHiF
SVM OIERIALTH 5. AT OligE v 5 % 51, HIE
SVM BB 5§ RBT Thoznlznt L, R SVM
T OIXATH 72T TR BRI 5T & 5.

SVM OIEMILALD F L2 b v ¥ —TH b, FEAR
LR BEZHEZ, N —voORKIILTHL. Thabba
ZFOFETERL, ENEERIL L2 p(x) F X 5.
AT x=(x1,2)T 122V Tol(x)=(ay, 20, x%9)7 & 3RTT
fbpZL2E25. ZHICEY, TTO 2 RITOEBZERM
T SVM TN TE o A TD, 3RITDZE
B CIMIEHRR T & 2 MRS L2358 2o X 5 I
RIS &2 A& 971, MBS A Mz E koo bl & b
MENRLTLT S, EHICSYM TlRERTGBICE D2
LEHBEZIZ L7202, =NV MY v 7wy gk
HEEFHAL TN 5,
3.4.3.3 %77 X1t

SVM 3R 2 7 7 AGREBEATH 5720, £
FARWO BEIWETLRPLEE 5. & LICHVOR
5D 1-vs-others £ WIH) FRTH 5. BARWIZIEE, [75
Ze b ZFNPA] L) 225 A SVM 2T XRTDceC
ZOWTHEEFLTEL. ZLT, AMxEZFEhSC HO
SVM Ti#Bl L, &b mVilkllBits 527227 7 A ¢ 123
M5, MiE, BY2Z) RO Lvsl HR, B, HE
7S5 A%EHRE LTRESNZ [£27 5 ASVM] 25H 5
2%, l-vs-others SFIH &SN 5 Z L A%\,

3.5 44— =Za—SIxy TV
3.5.1 H{THLWT 1 —FZa—-5xy v T—7
(74 =TI —= 7] [REEE] % EOWRT, 1ES
TIRATABEORLGFHE SN TWVWE T4 =T =2 —F
% v b7 —2 (DNN) Z&#ZICHA L7z, DNN 3/ vy —
VBRI HLFHATE S, LT, DNNO—JEETH 58~
h#H=2—F VAt v b7 —2 (Convolutional neural net-
works, CNN) &, W{&FEERICBWTHEREZRE LA

7 FFZEENERITCIC R L, BIREWET 588 — Y OFIEIE, ~RICHENT 5. Lo TIOMBEBELHELILIlh5

A, ZNTLTELMIBERELBIRL LD LT SVMOKEH AN TH 5. LBBROHEISL 258,

[ RITOWLN ]

DORIKFIRE L TR S [FREEPBIR,6]] LIFENLHDT, B BIZT_XTO/Y — Y HBB &9 2R R 51K

NTH5.

8 BlxiFal=(0,0)T EaZ=(L,1)TH2r521,x3=(1,0)" Laxt=(0, )T »327 F 2 2 DA, TTD 2 KICZEH TIXERLT 55

T&RW,
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feature extraction classification

feature extraction layers

Ve e

7 DNN O#EE.

HREZER L, WEE (RFCoEiEETcldd 5729 Ao
WE RN 2 BRI VI HEDL IR TV

21X DNN 0% 2 Fiddiv., B, CNN OFEBITH 5 %
Farz=ra 11133 TIZI97HEIIREENTWS. £
hiﬁ‘ﬁﬁ?ﬁzﬁ SNTVRHEHIIKRECZ2H 5. HF—ITK

DEFEFNY — Y BAFWERIC RS20 TH D, 5%
A& /ﬁNiWkLTF—ywﬁﬁ ~HHEDO*—=%—7T
FMATEETDH Y, TNHDNN ZHEE T 5 KED/$T5 X —
FOFFEWRICLTWS., E 34 0M» R ITRTH
5. BlzIE, W= a—I vty VT — 27 oG R KH
Bt (ERECIZEERIL) $5 8, FEPE- L) 0T
2\ &) 5E (Vanishing gradient & MHEN5) 58 - 72
A%, IO DNN/CNN TIFERDSK SN TV B
3.5.2 T4—=FZa-FNWxvT—IDEXNEZH
3% DNN/CNN I DWW T HEH L s h T
W5 [12,13]. DFCTIE, ZNOMHBFLD S HICES L
R & R A B,
3.5.221 —a—AOYOEFIVERNRE

DNN % CNN IZBE 5T, BLXF=Za—F vtk y FT—72
LAPOLKPHETNVIE, B7 @QIRT [=2a—ua ] %
MAEDLELZDIOTH S, BT gx)=AwTx+b)
THY, SIMDEZA (3.4.18) THBR7BIEHE 5L
LDEVE, DTPITIERIEEAR fRBICHE STV S
PEPTHD. Fo2—B IZDOWT, ZOw &b Zi#El)
WCEDDLIEEZa—FVEky b [FH] LIEA.

CCTCTHRERDIIT A0 EEET L L,
7 2o, Inrboa—arORE Tw x

Thbb2XR7 Mrxlw ONETHLZ e bhrb. M
T RB X ICHBICIZO0E®RYEH B, Z DdigE
P, AEXO=a—u 28 EMAELEDLZ LT, /¥
T — VNP ERT AL OFHELE LTS
3.5.2.2 MFEOEEE() © 45EHEH

PN wix X, 27 Ml x & w ODHFMBABPTVBIFE
NAEMEIIREL 2 5. BT 2ilx L w OFEUPETHS. &
ZTIO Tw T HHBE] 2%, x OFHO—D2 LR
5éﬁu$%f@égszslfm JEAR A &9 7 % R
T257012, £ A% (K, BEomE) o2 KT
?W%iﬂt.;®¢m%ﬁ®@ﬁ%,%®k%ﬁm?5
CLTHEONDEEHMTH D, —F, TOAN[HEE A R
FHEBIPMTW2] OBED 2 XtHICR D 5 5. #ikE
BRI R R E IS, BB I R EE R K
I, NEIZEZICCOMIMRIEHTHS. ZZTHRiEL
THw ER7 (DX H)ICK M(wy, - wg) EZEE,
o &0 K HoNBEME»E SR, %n% Fx2ERKHT 5

K RIGR7 PVEEZLZLENTES.
3.5.2.3 AITEDHKEE(2) © EANEH

G Emwjﬁfﬁmtﬁﬂﬁ%@ﬁ%ﬁéb
gx)=wTx+b DIEATx OFIPEREIGZ5ND L)
TroTW/z, ZZTHy 2EHT L E, X7 MV b w
DHFEL > TWd. ThbHNRE, FimH2Zycs
$, BPOBELFSTVWEI EDbRs.
3.5.2.4 AIBICASCHBE~ERB-1—-5)lxy hT—2%
I8Y — RO TR EAI B Th o722 &
ZHRWHRIE, 3.5. 2. 2HTHRBINIB L 720 B 12, 3.5.2.3

9 ARILTIEIFMIEE f 2 WA L7228, — I Fid, BPEORES 2D T, b LANS %) E 2§ 2 e & #o.
HRZEETH 2, AP NERT7 (D) BARBICART 2O EMIBHELZT 2525645y VI -2 ), =a—u Y

PEELSHoTH, HAMIHE—D=a—a> (W) |

III%LT Li’)
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T CHMTIUE, PR CNy — Vel T 5 2k
Pborsd, B7 (DIEE0O&EKEGETHL. RAELL#T S
DIZFM TR ONFN R Z 0 TELTWD. TO4
%, WbWwbEE=_a2—-—5Vry bT—=2H LK
multi-layer perceptron &IN5 H D TH 5. 19904E4%12
[—a—0] 7—2ZBILEOPZOBRTHS.

BNy — 2 x I L TIE LWl RS SN & 5
W (wy, - wg) BEPo L) RFXA—FHELSE [8 ] §
LUERDHL. AETRZOFME THE SN WA
EWERES IO, Zhd—HoYEETH
D, BIGRYPLRL B2 HMIINSNT A -5 EL%
BIET 2K Th L. HEEICHET 2555 E LR
NOPHKDBDHHA, =2—=F Nty M T—27 THHBEDY
i i
3.5.2.5 REIEDXAU v K

DNN &3, R7 (e D& 912, Wistn%E/ s—t7 o
VORI E A MEICD R L CREEIELZD0TH
5. L7255 T, DNN & W2 B PIREEE DA TH 5.
TIIMEIZLTEHIETEDL ) REVEDHLZEHL I ?
FATIRAR72 & 512, WEEIC X A5t ¢, J64 D Kot
N7 MO x % (w,wg) EONFEIZE Y K KILR7 b
R L TWAD Z LIS T 5. Y 512D KRnZEH z
K RICZ2MIC GERIE) BRLTwb I LTk b, 22/t
ERINNWEGMGPREDL L. L7228 TREILO B,
EEIICE 243, Tl S 2R A i 2 & TRAEL TH
HELIZWwWEZAZADLED [1BCLT] JBELR <7
HTLIIHBH. bHbAHA, I [IENE] XHIZKED
(wy, - wg) RO TRLZLENDH D, ZOMBEIILLED X
I IR RE TS .

i
i

3.6 £&8

KIETI, Ny —VBROERW RN E, ZOH0E
%5 TR 3SFEMAN Lz, 8y — Bk BRI
EEROEE, TFFMEEZLRLTELELT, T LTER
RS BICIEZ K OB H 2] Z L 2K T 2720T
NEFENTH L. 20O—FT, MENLRHAIEH o727z
DI, THHFOREIZOWT, KR, &0 X9 ZRYrfdn
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4. Laplacian Eigenfunctions and Their Application to Image Data Analysis

il NN )
SAITO Naoki
BT A NZTRETA T 4 ABEFHR
(5RE32 A < 20164E 8 H26H)

ARETIE, 2—2) vy FEBLOHEBTERINZS 75 2%, BLoEn e Wik orEHZ oA
i - BABEBORDEE, 205 0WIET — 7 BF~OIH, BICWMOMEORIRER, BXOFT 757 v
HEBEEVHLWD [BESISEERE] & OBERICOVWTERET 5.

Keywords:

eigenvalues and eigenfunctions of Laplace operators, integral operators commuting with Laplacians,

boundary value problems, Fourier analysis, image analysis, shape recognition

4.1 BRHIC (7= IFBEIFICONT)

HELIT TR ITRNMOZ L L BbNDA, BF-W
B TREOSFICBITE7—) THY - TROEZE: -
LRI EZWCRETHIDOTHA I N EHiF, (52
ShABHPT -2 #BRMOEFRNLBEHEHVTHE
L, ThsDEHHEES (HdWIEHES) &L TTOREEP
T—HRERTENTES] LwIHIMETHLLEZ T
b, T2l [BEMoREARN B ik, bHAA,
e IEWEBOY A > (EE) - a4 4 ¥ (&5 O
ETHbE. G26NTVBHUEBRT— 5 23 51257
D, TOBFBLAICEET S LI, HICHEETH .
Bl 21X, —RIc D EARBEEAx) 25, B3 O IXH
I:=[0,]] CEHFREEINTVEELL). ~#IZT L TEFKRS
N-BHEESR - BN 5121, [ LoHBETHEDZEH
LAD):={f:1->C| |fly=/1fx)fde <o} ®F 2, Z
CICBIIAEREXEEK (¢, )y 2V, B/ 2ZOR
BRI (c, (F) = (f 83 )= Sy Ala) ¢y (1)) cny (S D KLH
X, BERBFMTEEIIOEE 2(N) ICET 2) 2o T,
fla)~Dene, (Ao, (x) ELTEREE, FOMA REE %,
B {c, (AlhenZRARDLZEICLI VBT HILENTE
A, FME-51% 2RI hzw, S THBICR SO
A, EDXH% L] OFEREXREEZAVDLENrEn) 2
LTHa5A.

b L Alx)eCI)c L2(1) AWM oML ART
EBTENE, T%bb A0)=A1) THB% I, flx)
DCU) 25 CR) ~NONMILREEZ L ENTE
5. TONE, D HARTHERNZ L2 (1) OFEHABEREKE,
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1) TIESREAER (/2 sin(zha/l)} ey BRI AT EREMH
FO)=F=0 OH I, 72—-UVUISLZEABER
(i ul/T cos(mha/l)}yen, EL TV, LTHH, G256
N 7= 52, FOINLOEREMZH-LTW
HEFBES RV, —fRIZIE, TLAZFTDOL ) RSN
W72l TCw a2 P MThsbeErb. TOA, EHICE
MOERBERLREME) &, ML THAH 2 ? WE
DT7—=)IREEZHCE->TEZL). 2N
fAx)eC(D) T, fIO)AAL) LAEL LS. TBL, fFOT—
) TIEEBRUC X B R BRI,

@U%:%ﬂ:ﬂxk*mmmm kez,

THZLND., ZOBE, {c, Nz PV A4 XDOBEHIIE
HWICEL > TLE). EBHICHLLEI L, B>+
DEE, e, (NI~O0R]) BB L, whbWwLXTIRR
(Gibbs Phenomenon) #34: U %[3-5]. Zhix, G2oh
B FAEIIBE R L R S vz, FEAKIET BT
WEREHMTH- T, FORMNIEREITERBERE 22
PO TH5H. LERERBREOY A ZDREITENE FT W
ox?  Fhu, FH L, BROERBERRICK ZERIE,
HREHTHBUALERDHLNOTHY, REShIZLA
NOFEMPERAEZEL 2O, WESEVERKEED )
P, WEOBEVWLOLY S LIV PHOHETH B L Z &8
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B, feCI) THO)£AAI) THoTdh, f27—Y T4%H
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BorEMT2E, TORMBRMOT A X OHEIL
O(UR?) LB, TNIL, f&y-hiZoWw THIHRIC
xe[—L0] THIRL, TORHREBEOSN[-1 1] LTDOH
B &SI 21 o EaIc I L -k E
EzhE, FRECR) IE/L, 2o 2 o7 —1) ik
KB EITTD I ETORK fO7—") TR 3T
LS THsL. 2, ZOI LA, JPEG WIEF B 6]
THEEOY1>Z#H (DCT) I TWwERELR—N
THHZLEBMLTBL (DCTOMA LT 4 7RMHEIC
DWTlE, [7T1O—EizBEDTS). T—FITCBIT5
ERSMDEFEMEIZOWTO S SIZELWHN, Hig, 5
ZAONTF =SB LERD L) Rl EOBERSEMEH28 R
Wek i, LX) DT I WhIcD
WTiE, [8-10]: 22 TOSEXWESH SR\,
EC, TOXHHT7—) TRED, L2(]) EFTOEHRE
RERE LTHRIZENSADIX, RETHAHIN? Fh
i, [ ETOMERYIENMELER L EHEICR 5.
BIZIE, [ 2848 hh Lz EOBOPEZ LT 5 #
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MR EROEEECH & X ICBN L BB x e T I2IKTF
B REGTu(x) B3, RO 2 BEERG R OB FERE TR
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NZENRE RS TWBIZ EWbRb .

—u"(x)=2Au(x), x€(0,1):

u(0)=u(l) S04
u(0)=u(l)=0 BRT 47 VEOE
w' (0)=u'(1)=0  FXI A< EEogE.

(1)

B, FEROBFEREIZVDWAEIXYILL - Uy
4 VBB RERME (regular Sturm-Liouville boundary
value problem) O b HHiRr —ATH 5. —#%iZ, 11EH]
AV - T VRSB FEREORES XL (1) Lo
FHERZEERZEET L EVWIFHEZILMOATVS
(11-13] . 22T, k FHORBAM A, (&, FNER S0
P&, (2nkil)?, ReZ s ART 4 7 VEFEOE,
(k/)?, k=1,2,... s BKI A<V EUOREE, (zkil)?,
k=0,1,..., EBRDBIENVEZHIIOIL. 0L E, BE
EICKE I OFERPFRMEINhTWVWS, T4bb, HEHAMEA
XEE=1 IEKFET L AR LTHL.

P, 5z256728% =P —RELOES ] OXH
[ THEZONTOBGEEZZHE LN, d XKt ho—FEo
BfEH QeR?Y, d=2,3,..., DL XX, ED X LRI
LAHTHHAHIN? FIELT, BRERT—FABR1 DL TR
FMe—2arl)arEr L), Zoks, HRO
W72 FnF—7 2@ L72wv, HHvE, H - & TR
NOBEDIEREDERG DT — 5 DH, HBHWVIEHDEGD
T—=F DREFH LI 2E, HEROTRITZERICE
%7 =) TIER - REEMEBCR T, EASLz R,

—ERD QeR? ETid, (1)RXEUTOLH) AL
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(a) RE&T — %

()8« & - 0Okt
=1

(B -&-0
BOEGT—2D1FX -2 a .

LRI OIRMG RN & 85 - FEA RS
fbshs :

—A(x)=Aulx), x€2:;
tlpo=0 BFRT 4 7 VEMROYE
dvitlyo=0 BRI AV EHO4E.

(2)

ST, A=20442, THY, R ETOTT T RER
FHHVIRTTS YT LIHEN S “HORMAEIFET
HbH. F72, douls 1, FIEIR 0Q ITBIT 5, FHEOSMI
W72 ERM S v (x)-Vu(x), x€dQ DT ETHA. Z
2T, FMRBERSME, Q WERHEEO & & LrERE
bl EERFERELTBL.

Q VHREROY A1, —RILD 7 =) TIER - 5
BTV (2)DfFEERY, L2(Q) DIEBRERRIC

GBI EREHBICHBINLS. LrLERUSNDOYE
&, E9THHIN? QDR LOHMIMK, R Lo

frEkim, R LofmERMIEoNE, (2)Ricehzhiil
) 70 JEAE A - BEBEZ AT - 2R OB FUE R E O A B
B, BEYETUILIEERERy 2V, BimH
M, REBMAERE LD ZEMON TV S[14-
18].

FNTIE, —BIEROQeR! OBEIE, EHTHAHH
2 bLY, (2)DI)ITERLUNT-oZVIEESH
TWBEELRLIE, KRELFUITTOo0OT7Tu—F%2#%2
LIENTEL, —2IF, (2)%FWRERE (FEM) &k
% CHERL L CORBR 2 3Rk 5 FE[19-210, b9 —
DUE, 7V = BE[14-18] F W TS H RIS ER L,
EHIENEHERAL L CEMREZ KD 5 i [22,23] TH
b, HrEE, B (AX—R) A EX - BAMENEE
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R AL, FEEEIEECDSTFDOY AT A0
BOKREL 5., —F, BEOSMFBIZBRMITIFKL,
AR L2 L CRMETE 2 b 00, Btk -
EAMEMEC 2 2720, FHEEEIIES 5. /2, kg
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ROBERBEBIZBVTT4 V7 LHE0IE A< U ERS
a2 70—V ABEME T I L3 LY. F72,
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DOTIE L, HEBRETEMSNBE - 77— 2§ 5
OWHWTHAL%51E, FdlLA-XHIC, 2O - 7—
FWFA4) T LdbbWIE A< VBREGER RO, S
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BERRDLTFEORBNERL 5.

4.2 ST EFMBBREMMERSR

EXL, A CTHRREES S, —BIBIRFEE LT
B-rm—shhaonhizb &, BERGMEED2 5B
ELRLTOFLLIRTTI 7 YHEABEBOBE LS
L O ZFORMRTEREL2[24]. 22T, TOMEL
OWNWTHRR5,

R Cd k7225, BOVERE VIR EO BT 7
FIT VDX WA ERETEERO FEL D b, Bl
RICIERELTWS[22,23]. 22T, 957957 v
Li=—4%HEWR) LI WEE RS 572008
LD, TNEFBLEESMEAEK, $4bbK L=
LKEMT LI BRKERT L THD. RELELEDX
I RKERMIFLZZERTENE, DToRHIZL - T,
KOBEAEE L LOBMAREN—KTLDT, LOFAEH
BeBBELENTAILICL o TROBULEDNLL 25
PHTH5.

EXE2.1 ([25,p.63]). K& LERBTREZ 2D L?(Q)
OIEREL L, 205 bO—2 3 BEHEEIN G R A E %
FOLIRET S, T, K& LEFFOBAMIIHIET
LEAEBEEILET A, Thbh, Lo=2lp EKo=1rp
b oel?(Q) BIET 5.

ZFNTIE, L=—-4 THEIIEREGEEZHE L Rw
LE, KELTEDELHILRDBDZEZNIELWTHAH
M T VEBEREORET ) — EREG I,
B R DR TEH ZOBERZETH Y, BRZOR
WMAOVERREWMRTH L. LrLAads, Lk LzXk9H 1S,
W& 7 — 7 AN Ci3, BRIQ ETF—5OlEM» 0 (54
V&M kol A0 (VA UM 12
ol THEIIRLT, 72089 LBERSGZH:
) - VEABEHET IO LY. 22T, UToL
A%, FTIITUOOERHE (BHZEEICHETFZIITU-
B e LIFENhD) 242 5.

1;

1,
2Ix yl d

K(x,y):= fﬁloglx*y\ d=2; (3)

906

‘x7y|2—d
(d—Z)a)d
R ICBIT B HALERO KR, |- 13

(3) X &I
)—> L2 (Q) #UTOLHIE

d> 2.

EXT o= rz(fzd//;
HWOLZ—r7 )y FINVARET., 22T,
ETBRAMTERFEK L2 (R
#£95 !

Kfx)= [ Klxy)fy)dy, FEL2(2). (4)

FT5EZOKITOWTROEIIE D 7D,
TI2.2 ([24]). (4) R CTERSINHWHGNMHAEKIET T
STV L=—ALWETHL, FOBOFEAEE e 12,
To [FERFN] RBER&M 2725

[, Kwy)aue(y)dsy)=~2o(x)

+pv . 0, K(x,y)p(y)ds(y), x€d2.(5)

TIT, pvEERICHE RS 0T — Y — 0 EH,
ds(y) 3BEREDOE yeoQ 1CB T D MBELZZRT.

CCTHELTELY, MOEHEKOFRARE L KD
A2, (5)ROBREMAZRICTHLERZFEL 2V, 2
N TEHZLOBEREZ L OoEE RO L& LD
RKEZEND—DOTH 5.

%2.3. BH2.21ICBIF LK, LOBBOHEAEE o (x) (X4H
.Q OFRICBRICHIRT X, UTORMS TR Z 07
+

Ap xeQ;
0 xeRINQ,

F72, 0, dop & BT, FHBNEED SHEANBER 02 2BV
THEBETH D, S5, x>0 DE X, o(x) T RDWIE
5 W 7/ R
B const x> +0(lx|'7)
const-In|x|+0(Jx|™Y)

—Ap =

d#2 D5 ;
d=2 O¥4.

2.4 ([24]). ()X TER S 285 M EKIE
L*(Q) EToary Ry sz HCRRIEHETH Y, L
o T(3)RNTERSINIZLOMIHE K(x,y) BUTOX
I CEABEBRRASS

K(x,y)~2/z]~¢,-(x)¢j(y).
2512 (g ) ol L2(Q) OIERBEIILNH K.

FE2.5. (3), (4)NTEHFKINLHOIEHFE O A il
EREVII gy = pp = &L, ZRITHIGT 5 EA B
o, j=12.. L&) ZDLE, ¢ I3EH2.212K8 0
—Ap; = Aoy EFRGEM(5) B0, TONVLKIL
YRR OBEAEIEIIASVIEL <2< 2o TW
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BILEERLTEC KR, 4 = VI HRDDH 2.

4.3 BOHMERZROBEILE 777 EEHE
BOREETEE

ST, av¥a—% ETWOPHMEL, FLALTX
TOWEBRT— 7 IZHFILE N T 200HIRTH L. Fh
e g 5720102, (3)RoFsE (4) oS ER®R
THRALT A UEDSDH L. T, WFRE LD BIIRFIE
QReR I, NMOE WIZERM/NIEHEIEAQ eR?,
i=1,...N, OfEETEPENLE b0 EKET S (LIS
Wz, QbBKAQ bHEATHLIH, i#jDL &
AQUAQ =T, Q=UY AQ; L\VHTETHB). 22
T, AQ; D bl Fax; €RY, ZF 0K 2w €R.,
i=1,..,N, £ET. 5B S - (%7 — 5 13,
N RIEDOXRZ bV feRY L LTEZHh, 200 HFHO
F =7 1 f LNEERER T — 7 fx) DAQ; OFLTOE
fla;) (BBEVIZAR, LTO fFOFHfE) L LTHY TN E
N2ZLDEELE Y. ThHDREDILT, (4) RO
STERZOBEAHEMEKe = e ZUTO XD REHE LK
ftifg BT 5 -

M K(x;,%;) 0 (x; ) w; = pp(x;), i=1,...N.
ERZTH - R INVERTBHEKe = pe LHIZET S
EHTESD. ZTT, K=(K;) eRYN, K, = w;K(x;,%,),
o:=(¢,...on)ERY, 0. :=0(x;) TH 5. — I,
AQ; DRKES - (K% i IKFESHED, $hbbRESD
EBUNETERICE s TREAEBDT I EIEZOND
A, SZTRMHOLYD, AQ;, i=1,...,N &, T_TIH
—BROWMNEETH D LI/HET . T5HL, EAhw 1
JIKFE LD T, K BRITIE 25 2 L 05b2 5.

22T, UEoFEORELT, RI1cOBEOH - & -
LSO 2 58 Q L Lzga o, WS R FEO
HEBZERICAHELTAL). 7, R1cHT7L—24
EROFRE, BHEOD, [0,1]1x[0,1] IKEL, Zh
R % 105 $EH % 135, bbb, 105x 135 = 14,175
HOMNEREEICTET 5. SMNER T RT, %
flioTAQ; &£ T. TOMHHMIL Avx Ay =1/105x% 1/135
T, POOERIZ(i-05)Ax, (j—05)Ay), i=1,...,105,
j=1..,135Ths. KiZ, TO7L—2rEEK%2ES Bk
BEAEDI B, Q LIEIHT 2B 2000 ¥, &
DY, Z O IGEE G OMUNETE OB N =7,533 i T d
5. U bofEHae iz, 7,533 x 7,533 DA K 2515 L, %
OREAERZ MVERHET S, R21E, 209 5ONDOOH
HRZ MNVEFRRLZDDOTHA. B205, HOHHR
B & DOEBCHAEBOTANF -2 R LTk
w2k, FEAEIKREL ZBICONTHEABEOIEK
BEL o TWLIERDHIS.

ST, —MICNxN OFTHIOFEAM - BAENXT Mvr
AT 2121, O(N?) OFMA»25[26,27]. L7zhi-
T, N DPRECEE BIZIEN>10Y) 1%, Edibfmes:z
HIFHFLF L. 22T, (3)ROMHEPFEEIIR
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(b)e11

(c)e101 (d) @ 1001
2 1cHEVRDE Q ELEEZDABREBENERZEOESR
N7 MILDOAI.

b, ZhuE, LlL72XH105 757 v OIKRIALL
59, Greengard-Rokhlin O % L 7-ER S EMiE (Fast
Multipole Method; FMM) [28,29] # 4 5 Z L2k ¥,
5 - X7 VO Ke Z mBICFIRTES. 2L TIh
ZHRICLTT v F a AP E SN B JAEE:[26,27] %
i rMoBMAEM-FAENXZ PLVoFHEREIZ
O(N(k+1ogN)) DL RXNVETTIFLIENTES. FHL
i, [30]&ZMEnizwv.

4.4 ST T7 CEAERABOERERT — 2
th~DIcH

ZOEITIE, R CHRARATIRESERR» S EH S
72777 VEERBOEBGRT — 5 BT ~OIRHE L
T, o> MRIEI {4 5 Hlih & 72 5 5 O IR DT
@ Faisal Beg & D 7 )V — 7 O WF 78 5 $[31] % BE 38 ¢
%. ZZCOHEBILROMEING, 575 T v EAEREKE
DLOEMIBHATERL, 77V T7 VEAMHEFo 72
BOTHAZLRFERLTEBL. bbsHA, WELTMD
FHF— % (213, Hir > v VvEig (DTD Tfibh b
KT OVHCEE O R URHRER L) b, 775
T VEAEEEE ST, FOF—FDARY N VIRN EAT
HTENTELH, TOHTIEIY Fb k.

575 T VAR o 2 ARENTE, [31]LARTIC b
fibhTsy, Pz, ARZESE (FDM) 2 HwTXK
LHEBD T 7727 YEAERIEZFEL, BAHOLH
LR LHMAN PVEBERLT, oL EOEBE
1o 7203232, 33], F72"ShapeDNA"DZDH & T, %
BMAETEZRSNAETTSVTY (5STFA-RVEF3
TERFE EIFENS) OBRAHERIIZ FEMICXDEHHEL, £
NEEMARY bV E L TRIREN 2% L2532 [20], &
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IZENEINH L TRO BRI ORI E 17 - 72015
RUZERBIFLNL. ChOHOEFEZLERMLTDL LS
2, BEHEGT -2 %2504 OWBET— 5 2T 512
H720, BREFGEZBICERELZVAEPEE L., FFIC
T4 7 VEREME, EREGRT—5 086, WHENIC
FEHENTHY, FEIMTERZEL) X7 AHR L
ZoTLEYH. L2475 FDM % FEM T, ERS&M%
iR E L 2 E e 5w, Leds> T, m#fEa1EH
FefliziE, CoWEEIrbLTIENTELDOTHA.

Beg H OO B, W (Ao RIIGEE L &M
BREDICBVWTHEEREH 2 1T OBREHREMH- T,
TIUVINAT—MOBRERANEEDD 25 HBHE (mild de-
mentia of the Alzheimer type; DAT) & RNV IE 5 72 B Bk
# (Cognitively Normal; CN) & 2B TE A0 89 % &
BYLZETHD. F—FELTIE, ISADODATHEH £26
ANDCN BB OO HMTITHLE T 5K 7 v
(voxel) % 3D ® MRI Bi{&A» S Lzd o0& M/, i
BEHSORZ L VEIZEAMAZEL > TRE 225,
12,000 < N < 16,000 O#ifiTH 5. B3 12— AD CN #Ex
HL—AODAT BEOWHE L Tt HIg & L WIRE S
TERFZED (2FV 5757 o) HAEME ¢, @3 OFHE
WRERT. BEAKOM (B 85 1%, CN s &
DAT BEZEDEVWEZRTALN B TH LS. Thd5D 3D
OWHEOHRTIRIIVIZLAEEDT 75 VT Y EEEEK
OIED 5T (IEAED S BMEIAT IS - TH—F—HE W
VT TF—=arTHDH) R0 & AT A Fm I ST
LCTwa. 97537 VEFEEAEMKE, SEAEEZ HAR

WZaET Ao b ibhs. T, FEELRI-F D
ﬁ" $B 15 F ¥ (The Courant Nodal Domain Theorem) [15,
Sec. 6.6]12HDVT VL. B3 Th, ¢, o3 O (FRA
M) AEEZZhZEh 2o, 3OOFHEBICHRIZHE L
TWBZ EDDbRrs.

XC, GRAONALHEQ Lo 75y 7 v oA lE%:
fioT, Q ORMANER (K, REHEZEE) BLOL
RO I ANGHER (RPN DEWTWE 2R LE) &l

\;

&

(a)CN #B%E : 92 b)DAT £ : ¢2
5

!!ll‘} 1‘!!.f
(c)CN #ERE : ¢3 d)DAT BE :¢3

H3 &% CN#ERE L DAT*%‘@&%LBL7‘577"7/ &

HEHOA.
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H - 2T 2508, AT MVERZLIFIENRTEBD,
LAY =l [FETELGED O Z OME DR &
T5] ME vryx—T7 0 bu—L roRKRiEgR
25274 VDEE, By YD [REOBEINN
MOHEET S| MER L, BRI RERREN. L
i, BENMP034,35] B X Ol NIl o119, 36, 37] %
SR E Nz,

Beg 51F[31]12BWVT, UTD L) HTFEEZHWT, CN
Wit & DAT BE OB ORI FER % 1T - 72.

1.k@@7mﬁﬁﬁ%$®lﬁﬁm_ =y, % AR
WO EFE (Beg 513 k=999 EZREL).

2. BBEIZOE, HAMHOHEL SR RD LD LIk
7 NIVOEE

G@ﬂmuf
syl

3. F K44 M (Principal Component Analysis; PCA
Bl 21X [38, Sec.3.4.1, Sec.14.5.1]% ExBMD 2
&) WX VIFBRICE k-1 205 k' ICEM (Beg &
TR =14 EEEELTD).

4. Leave-one-out XML (Cross-Validation; CV) & ¥
R— X2 % —=< ¥ ¥ (Support Vector Machine;
SVM #l 2 1 [38, Chap. 12] 8 X OAKF#HEE 3 HDN

WX 2R EERZSBHBOIE) &l 72k R
DFEHE.

CITHHE2.52EMTRE, IT7T7 VT VAWM 2
ZRAZEIZED, (6)3UF, (A /Ay, - A/, )TER D, 2
R PVidd & b & [32] T O FE DR GFI D
N7zhs, TRABIRBFEICBOTHD DX, DT OHH
2k 5.

9, BRLEZOOHRIIBITSLT T T 7 L EAED
(L7285 Tt fEFROBEAM D) —HT52 L
HHIChDPBD, T T VEAEEOIIZE S5I2kD X
)R AT —IVAEME D !

(6)

i(aQ) _ Z(Q)

A A 1 ()
Ai(aR)  2,(Q)

"0 Q) wi(aQ)

ZIT, a BHEMQ 2N e ISR @>1) H5
Wil O<e<1) L72fEZEET. $4bb, (6)K
D& REFMEDOLD S % HHH T P Vi, BIROER
BB L AT — VEBIZH L TAEOTRRKEHZ R L T
W5,

Beg S5 OFEEBFRERIE, DUTo®EY ThH s . KiE (accu-
racy) 77.3% ; J&JE (sensitivity) 66.6% ; FrBEE (specific-
ity) 846%. i, FNFN, ELWilkBlEREEA
Bo#HE  DAT LIEL B SN BZDOEDDATEHE
W 284 ZFLTCON EIEL M S - pilg o B
® CN BERF 20 28G5 %R 7. Beg 13z d =20
HETINSOREELFEL, kL5, (6)R%
flio7z LitoFdug, BECT2FH, HECT3IFH, R
ET1IHFHEV I RE2EL. FELAL, BlU2BHEN

ﬂj(&’Q)
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72\,

B, MRS TEREORARE - MARKE, o
ARG QWG T — & T AN D, REEE €TV
(391 % A @ H O WG DR BN [24] 722 &, Bk 0BT
JCHENTWE Z 2L TBL.

4.5 BEMCERBERE OREF

Z 2T, Winters H52EZE L7z, bW 5 [BF A
JPBE%L] (patient-specific basisfunctions) [40]1 & 575 ¥ 7
YEA BB E DBRIZOWTERT .

9, [BAMNCEERE] o0 THHLTBIZ ).
J64 Winters 5D HWIE, LEOXA 70 A A= 0 7
IZBWT, Region Of Interest (ROI, ZF 721X BH.DaHIk & b I
EN5D) OWEDA A=V Y T EEFEILTHENILDT
Hotz. FORKIZEAHTATTIE, [4 ROI Lo —
7 NN O BE TG - B L2 Bo LB E H
WCHEMT S ) bDTHE. TN, £ ROLICEBT
LBEMEE R CVOEESEETOF VTV E LTERT S
DI, (RN ThoreErzbNb. bbAHA, 22
T [®FEH] LI, 20XH) REEEKEEENS
WS TE DD, 72, k(< N) HoREE R
T, EOREOEPEHLNL OPIHRAKFET S, 8T
0TI EEMIEFHT LN TV R WS, [ &I LR
¥l ZEMHET A v 2 LiE, AEMICIE, ROIETER
Sh=7—420BE B, ROl LICHIE & h ~IEHRS
HTHBDEREL, ZZTOHIL—2> -Ox—JZEiH
(Karhunen-Loéve Transform; KLT) ' DERKEKDH D Z & L%
flicdh 5.

LF, oo, —REEFVEHIICE T, FELL
RTIFZ S (EE, 0] TOZRITEF VT —RITET N
OFYINEELTRDOLNTWS)., F1H LML L,
I:=[0,11&L, ROI&LTQRcI%#%25%. ¥7, 1%
N HOEE Ax=|I|/N = UUN DEIRFEBICHHL, Z0
HUDBERE % ¥ =(j—1/2)Ax, j=1,...,N &&3. T T
TOL) T x=x ZHMICOOHY AR EEHKT S :

g (xlo)=—1 ,exp<_“‘jx/)z>, el
2n0°?

[40] T ldo=0750 & & E S N TBHBDY, glxlo) &
glxlo) 3FXFTHRELRY)ZD DI EBDIS. ZIT,
BN, Ao A g (o) BY T IVExG ) cion
THEBAL L 72X 2 b g, = (g (x| 0), g (xy | 0)T &
LhEIBITHGCeRYN 2 EHKT 5. 51T, ROL%
Q= (dmy — Ax/2, xm, + Ax/2)C 1 5 % T OBFIERTIXEH &K
EFLLI. T2TROXEERIQI=(m—my+1)Ax TH
50, FORIZETITNTVWET V7V E OB,
Qg :=my—mg+1 THb. QD (BEE) FRELKRZ T
Wxo €RY ZRUTOLIIZELRT S !
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1 M()S]'Sml @j%é\;
122

0 ZnUPSOYE.

Y, S0 x, ® Q LOWET— 5 OBEF (DC) KA % %
FTHRENRZ PVELTRET S, 2hid, [Q Lol
T — 8 OEI L OFHEIC AT 2O TRIFELTE
X2 Ew, WiET— YT OEREN S DEFHTH
%[40]. g; Z QUHEINDZH Y TV TOMDOAIHTH
Yo7zxRZ MV, T4bH

Xo [j];:

2009, :=(20[1]-g;[1], - 20 [N]-g; [N]T

oo wlm] glml M,O>T(7)

=(0, -0, . 0,
( V121, V121,

B ET BITH G =2009, |-|2p0gy]eRVY
ZEFL, X512, RY EToO—XItilm 22 span {xo )
DEXHEEME 22, Go DEIOHH®ERDL .

Go:=Iy—2025)Go, (8)

ZZT, Iy ERY LOBMATHITHS. B, Gy DEHINRY
MUiE, (7)) 25002 2X912, Q OFMIIZR IS 5%
FFTRTOTH L5, rank(Gg)=rank(Go)+1=12],
B, CoDEHIRZ PLIEHBA A2, EEELTWS
2%, FINZ PVEAERRER LTV, Lz T, 2h
SOFIRT bV OB BRI O IEBIE R %2 KD 5 72
WIZ, G, DIERMES M (Singular Value Decomposition;
SVD) G, = USVT 25185 5 (%d, FRAMEGHIIAR A %
A EIC B CHERICEEREHEZRT LR
[26,27] 2 & & BMENTV)., TTT, TADAL A=V
VAT AEDOMBRER ALY, [ Losmgs—%
FERY SAf=b LW MMGBRNRZEWMZ-TdDLT
5, SZTAeRN BA A=V VT - Y AT A EETIT
Hl, beR” 3BT —5THY, ZoOMMGRAE,S
FERODLEV) TOEAPA A=V T THDEL L
5. FEOBERBESRZ PV EBRDOE— 1 EOLER~R S
MVEfS> TNk OFTHI U, % U, :==[2q, U(;, 1:k—1)]
CEHET S T, VU =L BB L, T2
E>|Qly DDk 3EZBLBRI LW EZEELTE
<. Winters %X 2 D U, DFIXR7 bV % [EEISZEER
B LIRS, Wil T —% fRINS kE HOKERY PV
AT, f~USf, LML, f, eR" 2B HE KRR
AU, =b BHRD DT L #REL[40]. ZOFED
BUERS I & ML, S0k O [ SIS EERE R
& BEBEEEIF-Uf, I, ER(<|Q]) &) FL—FF
T o RG A= FTEK G L T B RSN LS.
ZIT, fil G, DSVD #HEL & O, ERRATHIU
i, BRI GoGLU=UR? L v FAHEMEOMTH Y,
I, UDHIRy Mv2s, EXECHSEITH N
G oCLOBEDKLT HEZ 2T EZRLTVWAE, &

1 EER 2 e B OY A1, KLT & kil L7 PCA XN TH 5758, HFBHROMITICTB VT, KLT L) HEED v

IR ENS.
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BT A ERECHBITIG v GoGhL TH Y, Thizdhb
L, [BEMEERBHR] &3, [QROY > T ILEy;
% 1/|Q|, DEBETI L HELISRY, 2,09, BEKRT 3]
EVIHRY EOFEERRBREEMALLTIEETHD &
EEMRLTWA.

EHI, COMFBEDOHEARANRT My, 09,1, Y
BB ATRE L2, T0R%E Q LORKICHIRLZD
DTHBHIL, TNENMIT S LD BIRERZ MV,
Q Lo A V2K (DST) ORENRZ MV THBHZ L
Wb (ZDLI RSV AR FATREZRICLEE
T\ KLT 2£EIZOWTIE, [41,Sec.1.10] R0
Z k). ELICEMIZWS &, DST ORENS b V% E
BAR7 Mg LIEHBERIET A2 L) ICEHRL-bDE
WY ZENTEL., ZORREHRT Z72012, N=201,
my =11, my; =191, |Q|,=181, & L CEBRIZKMFIHE%

fTolz. ZOKEBLIOMOREKBE L LB EZRK 41258
j—

22T [REFSRKNEEK] L9757 VEFRED
ZFNENOEF - oW TOELEOE 2 k7.
39, EEHSRERE] 12w TTH DB, TOER
ELTIE, Q LOBERKDSRZ My 2 EG5L I LDBHT
LNA. FITE LTI, R4anddbhb k)i, Eik
GR7 VPO BEIISEIER 7 S VIZT 4 ) 7 LB
G-I IEEREINSL D, 1)ROI DERQ
EEOEGSHERELTADICHENTIEEVE VS &
LG )FTRHEIRI L E ; FLT3)HML 3D D
k% LT5 ROLDOBBAIZ, —RIEDBEFHBILERZ b
VOT 2 IIIWEEZFHT LD ENTIERY, Evw) I
ERBIFONL., ZHISH LT, (RIWTEELESEHFE
PoROND) T7T T VEABBOENIL, 0Q KD
WA EWT 20X VRIRNTH L 2 L, T8
% 3D AR D ROI DB A IZ D REAEAT(3) R DT, Hik
WO 7V E (R 2)VofiE) Mol 2 bhrh
1, FIETE2ZENHIFSNS. Fnd, HEEESRY
MVEEATHENWIETHA. LML, TOEIIL, It
B HICRERT & 5. B ML L 72475 K % B
HALTH0b0IZ, (8)NEFL L HIZ, span{xg} @
A ZE RN DEAR (Iy —202b) K ZHRER L, Z DA N
7 FVRICHEREDNZ M2 EDIZI VDO TH 5.
VoAt - fEr, B L O 1 HTh<72z DCT oKt
FEET DL, WENHEMZ 3IDEROROIOEAIC
X, $EEICHEIC L B Y 1 U TRERDOT > VILERD
fHZHEETE S I ERESNZ VI EATHWSE, &
W7 =) IEREANE Z EICE DEHENELRVALT
H%. /2, DCT (EfEIZE21E, DCT TypeII[7]) i,
BIMTLRRA X 91, JPEG BGEMBMEICRHA S
TWbDHZ LT, ERHMHERERSHEM~ IV T 7 B O
R (Thbb, BELLZY Y IVETOT—7 OMEH
1CEDK) BEDKLT HKICD 2o TWnb I L &I
LTBEW[42]. 7272 L EiLICak X7z L 912, ROI 38
M7z 3D OIEROYGE O — KL EIKBEE D 7 v v VEEICH
T LMK E LTS, &5 7% 5 e Rl b
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L4 | ok |
(a) BEMICEE (b) BB 1 > EH]ER
(c) BB Y 1 EHER (d) 77527 BEBREE

X4 Q= [0.0475, 0.9525] C /= [0, 1] D& DK~ HEEN
TR, ZhZhOREEDS> 5, REEEBICHIETSH
D5 5HFBICEVEREBRICHICT2HNDETERTLT
w3,

LIAHATHA.

4.6 #¥bWIC

KX TIX, £IZ, 9757 VEAREEERSMED
HE 577 AMEHBR LWL ERRICL - T, B
Rethzemicxe Lz Td, 97937 VEAHEEEE
BIHIENTELHEED24]DOT ; Beg HIZLBED
ORI ~OIH[31] ; FLT, 379537 VEA
B% & Winters 5 [BE GBI [40] & O BIFR, 12
DOWT Rz,
HEHBOMRE, RO LHE (EHE) LicBy
57377 T VEERE, ThbbIFTIFTA XNV T3
VEMZEOBEFEEIZOWTIE, M TELeh ol FELL
X, [37,43,441% %S aSN72v. $72, BOORCER S
NTWBETIT7ETDT TS T7 VEAGMEEZFDIEHIC
DWVTD, ALV LMHTE rol. LG,
[36,43,45,46] % %2 B L TV 2 MIEENTH 5.

2

AWFZEIE, 7 A A ERERFEENSEE (Office of Naval
Research) 7*5® 27 5 » k N00014-12-1-0177, N00014-16-
12255, B L7 2 A E B4 B (National Science
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5.2 Spatial Structure Measurement by Hadamard Transform Optics
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6. Regularization of Soft-X-Ray Data in a Tokamak Application

ANDREAS Wingen
Oak Ridge National Laboratory
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6. Regularization of Soft-X-Ray Data
in a Tokamak Application

ANDREAS Wingen
Oak Ridge National Laboratory

An image inversion scheme for soft X-ray (SXR) diagnostics at the DIII-D tokamak is developed to obtain the
local soft X-ray emission at a poloidal cross-section from the spatially line-integrated image taken by either a set of
SXR arrays or a tangential camera. The scheme uses the Tikhonov regularization method since the inversion prob-
lem is generally ill-posed. The regularization technique uses the generalized singular value decomposition (GSVD)
to determine a solution that depends on a free regularization parameter. The latter has to be chosen carefully, and
the so called L-curve method to find the optimum regularization parameter is outlined. A representative test image
is used to study the properties of the inversion scheme with respect toinversion accuracy, amount/strength of regu-
larization and image resolution. The SXR arrays thereby represent an under-determined case while the tangential
camera is an over-determined case of the linear inversion problem. It is found that the under-determined case suf-
fers from lack of information but can still return a coarse, but fair image, while the camera data can be well inverted

with high resolution.

6.1 Introduction

Methods for computed tomography are used in many
fields like medicine, nondestructive materials testing, geo-
physics, atmospheric research and have also been applied
to magnetically confined fusion plasmas [1,2]. The common
characteristic is that many nonlocal measurements, such as
lineintegrals, are processed mathematically to estimate local
physical quantities, such as emissivity or absorption.

Fusion has a long history of Soft x-ray (SXR) detection
in the plasma core of tokamaks [3] and stellarators to e.g. de-
tect core MHD modes[4], diagnose coreislands[5]or analyze
impurity concentrations [6]. A number of tomography meth-
ods, which have found applicability to SXR, bolometer, and
other tomography diagnostics in magnetically confined fu-
sion plasmas, have been used to various levels of success.
Those methods have been limited in spatial resolution and
/or cross-detector calibrations [7]. Tangential imaging has
historically given better spatial resolution, but interpreta-
tion of the images is nontrivial due to the 3-D line-of-sight in-
tegration and requires advanced inversion techniques [8,9],
like the Tikhonov regularization [10].

A tokamak confines the plasma inside a torus-shaped
vacuum chamber by a strong magnetic field. The magnetic
field of a tokamak equilibrium is given by a strong toroidal
magnetic field and the poloidal field, generated by the strong
toroidal plasma current. The resulting total field is helical in
nature; we will exploit this helical property laterin the paper.

The field lines are organized on surfaces of constant poloidal
magnetic flux Z, so called flux surfaces. All field lines on such
aflux surface wind themselves helically around the torus and
have a constant ratio of toroidal to poloidal rotations, the so
called safery factor q. Typically ¢ is monotonically increasing
from the center towards the separatrix, which is the last
closed surface that then determines the plasma boundary
and separates the closed field lines inside from the open ones
in the so called scrape-offilayer. The flux surface configuration
is then toroidally axisymmetric. This symmetry allows to
project volume quantities, like SXR emission, into a single
plane, the tangency plane; we will make use of this later in
the paper. Here we focus on the DIII-D tokamak [11].

Line integrated SXR diagnostics are mainly used in the
plasma core to detect large scale structures. Here we use a
set of arrays, that cover a poloidal cross-section as well as
a tangential imaging system that views the perturbed toka-
mak plasma edge region. In this work, we determine the re-
quirements for the Tikhonov regularization and develop an
algorithm to find, especially for the imaging diagnostic, high
-resolution and high-quality inversions. The latter are
needed toidentify and characterize features with potentially
low signal to noise and high spatial structure, which are pre-
dicted by plasma theory to appear in the perturbed plasma
edge.

The soft-X-ray imaging system (SXRIS) [12] at DIII-D
isatangential camera that measures theline-integrated SXR
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emission in the plasma edge region. The system uses pinhole
optics focusing radiation onto a scintillator, which is imaged
with visible optics. Is is used to diagnose structural changes
due to plasma response [13] to externally applied resonant
magnetic perturbations (RMPs). The diagnostic can use dif-
ferent energy filters to discriminate between different spa-
tial regions. Within the steep gradient region of the H-mode
pedestal [14], helical displacements of up to 5 ¢m, which
change with the poloidal angle are found, which can be mod-
eled and explained through a synthetic diagnostic[15]. Toin-
terpret the measured data, the Tikhonov regularization,
found to be applicable to the SXRIS[16], is used to obtain sta-
bilized solutions to the ill-posed problem of inverting line-
integrated images.

In the next section we give an overview on the Tik-
honovregularization method and constructits solution using
the generalized singular value decomposition (GSVD). The
method using the GSVD is equivalent to the method devel-
oped in Ref. 10 and applied in Refs. 4, 5, but does not require
the direct inversion of the side constraint operator. The side
constraints as well as the optimum regularization parameter
is discussed. Tikhonov regularization can address under- as
well as over-determined cases. The former is discussed in
Sec. Il on the example of SXR arrays, while the latter applies
to the SXRIS setup, shown in Sec.IV.In both cases, we apply
the regularization to an analytic test image and study the in-
version quality with respect toresolution and regularization.

The conclusions summarize the inversion method's results.

6.2 Mathematical approach to high resolution in-
version

Mathematically, the 3-D volume of SXR emission is di-
vided into 7 = nynyn. emission zones. Each zone is a cube
of size dr® inside the volume. On one side of the volume is
a detector, which records the SXR emission. Note that later
on we will reduce the emission volume to 2-D by e.g. exploit-
ing a system symmetry. The detector itself can be a camera,
which returns a 2-D "image" which has m number of pixels,
or just an array of m chords. Each pixel of the image or array
chord has exactly one line-of-sight and records all emission
from the volume along its line-of-sight. Figure 1 shows a sche-
matic sketch of the described setup.

The relation between local emission, the emission in
each zone of the volume, e (€R3 andline integrated emission,
in case of a camera the value at each pixel (literally a camera
pixel) in the image plane,s (ER™)is given by the linear equa-

tion
L-e=s 1)

with the geometric transform m x #n matrix L, which
will be discussed in more detail in Sec. IV.
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A. Tikhonov regularization approach
In Eq. (1), we use m > n, so the system is overdeter-
mined. The solution to this system of equations is given by

: @

ey =argmin|L-e—s]|
t

but the problem is ill-posed. Regularization is a well
known method to find stable solutions to ill-posed problems
of such form, which are associated with an ill-conditioned
matrix L, i.e. the columns of L are nearly linear dependent
and therefore L isnearly singular. The solution of anill-posed
problem is in general very sensitive to small perturbations,
including numerical rounding errors. A direct inversion of
L or a direct calculation of € by standard methods usually
result in highly inaccurate solutions, which are typically no
way near the "real" solution. Replacing the ill-conditioned
matrix L with a well-conditioned matrix, derived from L,
does not necessarily lead to a meaningful solution. Regulari-
zation provides a stabilization of the solution with respect
tosmall error fluctuations. In the following, we apply the Tik-
honov regularization scheme [17-19] and instead solve

<ALc>'€_<ACS-e*>

where | x[= (2 x} )2 is the Euclidean norm and A is the free

', ®)

€, =argmin
t

regularization parameter which controls the side constraint
min[AC-(e —€*)|. e" is an a priori assumption about the so-
lution itself, which can either be zero, i.e. no assumption is
made (used throughout the paper), or some assumed local
emission distribution within the zones, which is then forced
onto the solution.
B. Generalized singular value decomposition

To solve Eq. (3), we use the generalized singular value
decomposition (GSVD)

U'-L-Z=diag(o)
VT.C-Z=diag(s) )

with the orthonormal matricesU(€R”*")and V(€R"*") the
non-singular matrix Z (€R”*”) and the diagonal matrices
diag(o) and diag(e), both € R"*” with

0<o<..<on<1
1>y =..2pun =0 ©)
ol-o+p’-p=1I. ©6)

Then the ratios

are the generalized singular values of the matrix pair
(L, C).Note that for C = I, the GSVD becomes the standard
SVD.

In Ref. 10, the regularized solution is constructed by us-
ing the standard SVD of the Matrix L - C ~'. By using the defi-
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nitions in Eq. (4) we find SVD

L-C!'=U-diag(7)-VT, ®)

which is identical to the definition in the reference. There-
fore, the regularized solution constructed here is equivalent
to the one using the SVD of L-C ~!. The difference is that
the GSVD method does not require the direct inversion of
the operator C. Using the GSVD we define

B=U-sT, wo=7Z"1¢", )
and find for the regularized solution
n 18 A 2
i T Luj—q zf; ?{"‘72‘0/' , (10)
7 j
with the filter factors
ol 72
— - J 5 = — J 7
R L LR (1)

C. Choice of side constraint

C (€R"*")is an operator which represents the side con-
straint. It is a necessary contribution to the actual ill-posed
minimization problem to find a meaningful solution. Numeri-
cally, a minimizer e, of Eq. (2)), using A = 0, can be found,
but for ill-posed problemsitis typically highly oscillatory (see
e.g.Fig. 8(a) or far away from the "real" solution. The side con-
straint can keep the obtained minimum solution within speci-
fied bounds, can force a continuous solution or can ensure
other problem-specific properties. If there is no other obvi-
ousside constraint to the considered problem, C is often used
as either the identity matrix I, or a derivative operator like
the Laplace operator. In case of C = I, the side constraint
forces the norm of the solution to be small and therefore en-
sures a bounded solution. A derivative operator on the other
hand limits gradients within the solution and ensures a cer-
tain level of smoothness.

In the case of SXR emission in DIII-D discharges, we ex-
pect to see high emission from within the plasma,low or even
no emission outside and possibly a steep gradient at the
plasma edge. So we neither want to limit the solution itself
nor its gradients, i.e. the first-order spatial derivative. On the
other hand, we want to suppress high frequency fluctua-
tions, like a noisy fragmentation, in the solution. So, we use
the Laplacian operator, the second-order spatial derivative,
to ensure that the solution is sufficiently smooth, while A con-
trols the amount of smoothness. Let &;=¢(R;,Z),
i=0,-mg—1,7=0,--,n;,—1,beanemission zone of the grid
in Fig. 6(c) with the zone size % in both dimensions, then we
approximate the Laplacian operator by the second order fi-

nite difference scheme
(3; +87f )61“]' = (5141’]' +6i71,]' *461‘_]' +‘Si,j+1 +€{J',1 )/h 2 (12)

and withk =jxng+i=0,--,n—1, we define the n x n Ma-

100

trix

Ck,k =—4 Ck,kil =1 Ck,kink =1 (13)

and zero elsewhere. Inside the grid, the elements of C are

well defined, but not at the boundary, because elements like

Cy.—1 obviously do not exist. So, we have to define additional

boundary conditions for the emission ¢;;. There are two com-

mon choices for non-periodic cases:

1. Dirichlet boundary conditions, which set ¢;; =0 if
(R;,Z;) is outside the grid. Then C is given by Eq.(13)
with both indices between 0 and z — 1.

2. Von Neumann boundary conditions, which set the first-
order derivative of € to zero at the boundary. Using the
symmetric finite difference for the first-order derivative,
we find thate_;; = e; and €, = ;. In those cases, the
respective elements of C are set to 2 instead of 1.

In the following we use Dirichlet boundary conditions.

D. Choice of regularization parameter

The parameter A determines the "strength” of the regu-
larization, i.e. the weight of the side constraint, whichis given
by C, relative to the solution constraint, Eq. (2). For A = 0 the
solution €, is unregularized and therefore, as it is typical for
ill-posed problems, undamped with high frequency compo-
nents, although the residual | L-¢, —s||” is very small. Very
large values of A on the other hand lead to e; which are no
longer meaningful solutions to the actual problem since the
residual becomes arbitrarily large. Itisimperative tofind the
optimum regularization parameter, which is a non-trivial
task. Several methods are known to literature to estimate
the optimum regularization parameter [20]; here we apply

the L-curve criterion [21].

For a given regularization parameter A and its regular-
ized solution ¢,, as obtained by the Tikhonov method, we
define the residual norm.

2
0 =L, —slP=at 2 (Ao w
and the semi-norm
2
2 =IC e e W= (Bl )

One method to determine the optimum regularization pa-
rameter A is to plot the semi-norm versus the residual norm
for various values of A on a double log scale, as shown by the
schematic in Fig. 2. The resulting curve has the typical form
of an "L", hence the name L-curve. The optimum point of op-
erationis at the corner of the L-curve, which is the best trade
off between solving the problem and satisfying the side con-
straint. Increasing A also increases the level of regulariza-
tion,i.e.oversmoothsthe solutionin case of a Laplacian opera-
tor; the residual norm strongly increases. Decreasing A on
the other hand reduces the regularization, i.e. the solution
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becomes more noisy and the semi-norm rises.

Here we use the L-curve to determine the optimum
regularization parameter by localizing the L-curve corner.
Besides assessing the L-curve visually, there are two typical
ways of localizing the L-curve corner numerically. First, the
corner of the L-curve represents a local maximum in the the

L-curve's curvature, as given by

"
and second, at the corner the distance of the L-curve from
the origin /o2 + 77 is locally minimal. Both points should co-
incide, butin a practical application thisis not necessarily the
case because 7 contains a hidden free scaling parameter
a # 0. Considering two regularizations as given by Eq. (3), in-
dexed '1' and '2' respectively, with

Li=Ly,, s1=5s, ¢ =e,, 17

Ci=aCy, A =Aa (18)
then obviously leads to

€21 = €x2. (19)
From Eqs (14) and (15) we find

P1 =02, 71 =an,. (20)

Therefore we use both criteria to determine «, so that the

point of maximum curvature coincides with the point of mini-

mal distance. The corresponding e then gives the optimum

regularization parameter. Empirically we find that ¢ scales

C in such a way that O(e|C|))~ O(|L|), ie. the Frobenius

norm of both matrices are in the same order of magnitude.

E. Image inversion quantification

To test and quantify the implemented regularization

scheme, we use an analytic test case. The structures in the

test image reflect features one could expect to see in a real

discharge application. The test inversion consists of several

steps:

stepl. Generate analytically a 2-D image of local emission in
a poloidal cross-section. This 2-D local emission is nu-
merically represented by the vector €.

step2. Construct the geometric transform L and obtain the
line integrated test SXR emission s = L - ¢

step3. Apply the Tikhonov regularization to reconstruct the
local emission ¢, and determine the optimum regulari-
zation parameter Ao through the L-curve.

step4. Compare the regularized solution ¢,, with the ana-
lytic local emission €, to quantify the quality of the in-
version.

As a measure, a figure of merit or FOM is defined inside the

zone grid

e — &0l
A P

21
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which is the relative error, given in %, of the regularized so-
lution with respect to the known, exact solution.

6.3 Inversion of tomographic SXR array measure-

ments
Tikhonov regularization can treat underdetermined

cases with m < n. A typical example is a set of SXR arrays,
where multiple view chords measure the line integrated
emission in a poloidal cross section, each under a different
angle, so that every array covers a wide area of the cross-
section, while chords from different arrays intersect each
other. Here we pick a case of 4 arrays, each consists of 16 view
chords. So, the set has a total of m = 64 view chords that in-
tersect with each other. The array setup is shown in Fig. 3
(b); each of the red lines represent one view chord, while the
color contours representlocal SXR emission for the test case.
The emission zones on the other hand are arranged in a 2
D grid, which has to cover the entire cross-section. Here we
choose each zone to be square. Figure 3 (a) shows a typical
zone grid layed on top of the local test SXR emission. The
shown grid size has a 7 cm resolution, which means the grid
has 18 x 43 = 774 emission zones. This is still a fairly course
resolution, but # is already more than 10 times larger than
m . So the system is highly underdetermined.

The test emission is constructed from the magnetic to-
pology of a perturbed, weakly 3-D DIII-D equilibrium, by pre-
scribing an emissivity profile and assign emission to mag-
netic flux. The profile itself assumes emission is constant on
a flux surface and is peaked in the core and then falls of to-
wards the plasma edge. The emission is zero outside of the
plasma separatrix. The emission shown in Fig. 3is highly re-
solved and includes many fine structures. In order to obtain
the line integrated test SXR emission through the geometric
transform L of the arrays, the local emission needs to be
down sampled to the zone grid resolution. Figure 4(a) shows
the down sampled local emission. Note that all the fine struc-
ture is lost already.

Using the local emission in Fig. 4(a), the line integrated
data is constructed following step 2 of the test inversion
scheme. Applying the Tikhonov regularization to the ob-
tained data set is not a real minimization problem, because
the local emission in Fig. 4 is an exact solution of the inverse
problem. So, to make the test problem more realistic, a small
amount of white noise is added to the line integrated data
set; here we use a random noise of at most 1% of the signal.
The Tikhonov regularization is then applied to the "noisy"
data set and the local emission for the optimum regulariza-
tion parameter is calculated. The result is shown in Fig. 4 (b).
As you can see, the plasma bulk is fairly recovered, as is the
peaking of the emission in the core. But the plasma shape
and other more detailed features, even of the down sampled

emission, remain somewhat obscure. The figure of merit is
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at 23.3%, which is a quite significant relative error. The rea-
son is quite simple, only a set of 64 data points is available to
reconstruct local emission at 774 grid points. There is simply
not enough data to recover a more detailed local emission.
The result hardly changes by removing the noise but gets
worse if the noise is increased. Furthermore, the result be-
comes either more fragmented or more blurred, if the regu-
larization parameter is de- or increased respectively; the
FOM goes up in either case. This will be discussed in more
detail for the overdetermined case in the next section.
Changing the zone grid resolution can potentially have
an impact on the inversion quality. If the resolution is de-
creased, the system becomes less underdetermined, but the
down sampled emission becomes more coarse and bulky at
the same time. If the resolution is increased, the system be-
comes even more underdetermined, which means more
regularization is required for a not-fragmented result. The
result becomes more blurred instead. Figure 5 shows the fig-
ure of merit for various zone grid resolutions #, = y/n/a with
a fixed aspect ratio of @ = n,/np = 2.4. A clear minimum is

found at np = 18, ie.n = 774, the resolution used in Fig. 4.

6.4 Inversion of tangential 2-D SXR images in to-

kamaks

We aim to determine the local SXR emission inside a to-
kamak plasmafrom SXR camerameasurements as sketched
by Fig. 1. The actual setup is shown in Fig. 6(a), which is a
top down view of the tokamak cross-section. The pinhole is
located at the outer wall, while the camera views tangentially
into the torus; the view cone is given by the grey area. To
achieve meaningful statistics of local emission we need a suf-
ficiently high number of different line-of-sights to penetrate
the emission volume. This number of pixels should be larger
than the number of zones, i.e.m > n.So, thisis a typical exam-
ple for the overdetermined case. Since the emission volume
is 3-D while the pixel plane is 2-D, maintaining » > » and si-
multaneously achieving areasonable resolution of local emis-
sion can easily become computationally challenging. In a to-
kamak the helical symmetry of the equilibrium field line con-
figuration can be exploited.

Figure 6(b) shows a poloidal cross-section in DIII-D; it is
the tangency plane of the camera's optical axis marked by
the cross. The separatrix and multiple flux surfaces are
given, indexed by the poloidal flux which is normalized to
1 at the separatrix and 0 at the magnetic axis in the plasma
center. The flux surface configuration as shown in Fig. 6(b)
is toroidally axisymmetric but the field lines are helical. The
view cone of the camera covers the grey highlighted area.

To make use of the helical field line symmetry, we imply
the fundamental assumption that SXR emission is constant
along magnetic field lines for the length of the trace in Fig.
6(c), which is between 0 m and 1.2 m along a field line. This
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assumption is reasonable in the SXR emission regime, be-
cause thermal electrons follow field lines quite closely [22]
and parallel transport is much larger than perpendicular,
while electron density and electron temperature are as-
sumed constant on flux surfaces in standard axisymmetric
equilibrium reconstructions. Note, that we do not need to as-
sume constant SXR emission on flux surfaces here. So, as
shown in Fig. 6(c), we step along a line-of-sight (the curved
line is the toroidal projection of it into the tangency plane)
and trace each point along a magnetic field line towards the
tangency plane. Such traces are shown by the small lines in
the figure. The intersections of the various traces with the
tangency plane then give the respective emission zones,
which are represented by the highlighted boxes within the
dashed zone grid. By this procedure we can reduce the emis-
sion volume by one dimension to the 2-D tangency plane,
which is divided into a 2-D grid of # = ny 1z square emission
zones with resolution dR = dz = h = const. The zone grid is
thereby limited by the vessel wall at the bottom, by the ¢ =1.1
scrape-off-layer surface at the left and right and by the up-
permost line-of-sight at the top.

The geometric transform, or L -Matrix, is then built up
row by row, starting out as a row of zeros. Each row repre-
sents one line-of-sight, i.e. one pixel, while each column repre-
sents one emission zone. A line-of-sight is discretized with
a step size ds which should be smaller than the zone resolu-
tion dR to get reasonable statistics. For each point along the
line-of-sight ; the respective emission zone j is located by fol-
lowing an equilibrium field line. Then the value of the emis-
sion zone i, / is increased by one, i.e. L; = L; +1. Note that
the resulting matrix is sparse in nature.

A. Test image development and characterization

To create a representative test image, we use a typical
magnetic field configuration in DIII-D, consisting of the axi-
symmetric equilibrium field plus a non-axisymmetric small
perturbation field, and assign SXR emission to the field line
penetration depth structure via an empirical emissivity pro-
file. e (¢) Then we smooth the resulting 2-D emission by a
simple moving average filter. The procedure of creating a
test image is similar to the SXR modeling efforts described
in Ref. 15.

The results of the inversion steps 1 and 2 can be seen
in Fig. 7. Figure 7(a) shows the created test image ¢,. Note
that the image is limited to the emission zones covered by
the geometric transform. The test emission shows multiple
different features, which we also would like to resolve in a
real discharge application. The most obvious feature is the
plasma bulk, given by any emission greater than zero. The
plasma bulk is characterized by a coarse structure; the emis-
sion peaks along the edge, decreases further inwards and
then increases again in the core. On top of the coarse struc-
ture, several different fine-structure features appear due to
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the perturbation. One feature is the boundary shape, show-
ing several so called lobes, that reach out towards the vessel
wall at the lower corner of the separatrix. Inside the plasma
edge small regions of increased emission can be found. Those
features are created by islands in the magnetic structure.
The line integrated test emission as obtained from the test
image is shown in Fig. 7(b). Many of the testimage's features
are obscured due to the line integration. Note that the line
integrated image is limited by the circular detection plane,
while the emission inside is limited by the vessel wall. The
centerpost, whichis the vertical wall segment on the left side
in Fig. 6(b), is clearly visible by the vertical cut-off in the line
integrated emission. For the remainder of Sec. IV, Fig. 7 (b)
is the starting image s for the Tikhonov regularization.

B. Effect of the regularization parameter 1

The inversion scheme and therefore the quality and
success of the regularized image depends on multiple pa-
rameters. The most obvious one is of course the regulariza-
tion parameter A itself. Since we obtained the line integrated
test emission s in the last section (Fig. 7(b)) directly through
the geometric transform L, the testimage €, is the exact ana-
lytic solution to Eq. (1). To study the effectiveness of the in-
version scheme in a closer approximation to a practical appli-
cation, we convert the test problem setup to an actual mini-
mization problem as Eq. (2) by adding a smalllevel of random
white noise to s as a perturbation; here we use 2% of the
maximum signal.

Figure 8 shows three different regularized solutions for
three different regularization amounts A. First, a strongly
under-regularized solution for v = 0.2 in Fig. 8(a), which is
characterized by high frequency oscillations and fragmenta-
tion. Second, the optimum regularized solution¢,,, according
to the L-curve criterion for A = 6.9 in Fig. 8(b), which shows
good agreement with the testimage. All features of the origi-
nal test image, which is the exact solution to the regularized
problem, are well reconstructed in ¢,,,, not only the plasma
bulk, but also the lobes and the islands. Only at the very top,
in the core region, there are differences between ¢,, and
€o. These deviations are artifacts of the regularization, which
are systematic and therefore unavoidable without additional
a-priori information. The upper boundary of the emission
zone gridis defined by the limit of line-of-sight coverage. This
implies that, compared to the lower part of the zone grid, only
very few line-of-sights intersect with emission zones at the
upper boundary and therefore the uncertainty becomes
large in this region; hence artifacts appear. Figure 8(c) gives
a strongly over-regularized solution for A = 178, which is
over-smoothed and smears out any structure besides the
overall plasma bulk itself.

The corresponding L-curve is shown in Fig. 9(a), which
is not as strongly shaped as suggested by the theoretical
curvein Fig. 2. Nevertheless, the algorithm described in Sec.
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IID successfully located the L-curve corner. This is verified
by the FOM, Eq. (21), as shown in Fig. 9(b). The L-curve cor-
ner, given by the black star marker is also located very
closely to the minimum of FOM, which means that the corre-
sponding solution, Fig. 8(b), gives the best possible fit with
the test image at epom = 9.8%. This value is not negligible
due to the applied noise, but still much smaller than the
FOMs of Figs. 8(a)&(c), which are at 25.8% and 21.1% respec-
tively. Note that we limit the FOM calculation to the region
with Z < —0.6 to exclude the artifacts.

6.5 Conclusions

We developed an image inversion scheme for the SXR
diagnostics at the DIII-D tokamak, to obtain the local SXR
emission at a poloidal cross-section from the spatially line-
integrated data, either taken by a set of arrays or the SXRIS
camera. The schemeis based on the Tikhonov regularization
method, since the inversion problem is generally ill-posed.
We constructed a numerical algorithm, using the general-
ized singular value decomposition to determine a solution in
dependence of a free regularization parameter. The latter
has to be chosen carefully. Here we applied the L-curve
method to determine the optimum regularization parame-
ter, which is the best trade-off between the residual error
and the applied side constraint. To study the properties of
the inversion scheme, we first considered a representative
test image, which was constructed by assigning SXR emis-
sion to the simulated vacuum magnetic field structure, typi-
cal to DIII-D. Line-integrated data was obtained and subse-
quently inverted by our regularization algorithm. An under
-and an over-determined case have been considered; the for-
mer is represented by SXR arrays while the latter is the
SXRIS camera.

In case of the SXR arrays, the inversion generally suf-
fersfrom thelack ofinformation. Nevertheless, the Tikhonov
regularization was able to compute an inverted image that,
although is course in nature, still fairly reconstructs the
plasma bulk and the emission peak in the plasma core. It is
found that the relative error between the test image and the
inversion becomes minimal for a zone resolution thatis about
10 times larger than the number of chords in the arrays.

For the SXRIS camera, all features were reconstructed
with excellent agreement to the test image. Only at the top
boundary, inside the plasma core region, artifacts appeared.
The inverted image has two main sources of error. Some
emission zones get intersected by many sight-lines, while
others only get intersected by few. Precision, defined as the
relative amount of sight-line intersections for each emission
zone, is linked to the geometric setup and therefore a prop-
erty of the inversion scheme. The top boundary suffers from
very low sight-line coverage, which limits the precision. The
second source of error is a low signal/noise ratio. More de-
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tails and the application of the inversion scheme to actual
data can be found in Ref. 23.
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Figure Captions

Fig. 1: Schematic setup for recording line-integrated SXR
emission. Several line-of-sights (chords), starting at some
camera pixels and going through the pinhole, penetrate the

emission volume, which is divided into multiple zones.
Fig. 2: Schematic of a typical L-curve.

Fig. 3: Local test emission with (a) the zone grid and (b) the
array chords overlayed.

Fig. 4:(a) Local test emission down sampled to zone grid reso-
lution. (b) Inversion result for optimum regularization pa-
rameter A = 1.73 and epom = 23.3%.

Fig. 5: Figure of Merit of inversions at respective optimum
regularization parameter for various zone grid resolutions.
Raw (grey) and smoothed (black) data.

Fig. 6: (a) Schematic top down view of the tokamak. The grey
area shows the view cone of the pinhole camera. The line
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across it represents the tangency plane of the optical axis.
(b) The poloidal cross-section of the tangency plane in DIII-
D. The grey circle represents the area seen by the camera.
The cross is the center, where the optical axis intersects.
The separatrix and multiple plasma equilibrium flux sur-
faces are shown. (c) A magnification of the area viewed by
the camera, divided into emission zones. The curved line is
the toroidal projection of a line-of-sight into this poloidal cross
-section. Various points along the line-of-sight are traced
along the magnetic field lines (lines from curved line to high-
lighted boxes), based on their helicity, to the respective emis-
sion zones (highlighted boxes) in the tangency plane, which
are then the source of emission along this line-of-sight.

Fig. 7: (a) Test image of local emission, (b) Line integrated
emission image as seen by SXR camera. Created from (a).

Fig. 8: Tikhonov regularization of Fig.7(b) with 2% noise
added. (a) Regularized image for A = 0.2. (b) Regularized im-
age for the optimum regularization parameter A = 6.9. (c)
Regularized image for A = 178.

Fig. 9:(a) The L-curve. The three markers show the position
of solutions [Figs. 8(a)-(c)] on the L-curve. (b) Figure of Merit
evolution for the full range of regularization parameters
used in (a). Again the markers give the FOMs for the solu-
tions [Figs. 8(a)-(c)].



r I SEPE memEmn e/ 2 — BHO8E

J. Plasma Fusion Res. Vol.93, No.2 (2017) 105-106

7. DI

7. Epilogue

K&
OHDACHI Satoshi
Az S
Usifaszty < 20174 1 H19H)

7.1 BIERFEOHDME

426 M7z o THEFHEN & ¥y — B BF I
WTOHEEBREY LTEL., BN REEEZ LoAn i
3 aZ LT, MEBEOTO LA TRABOEHRIT] &I
ENTVBIEEZMELTWRZITRIE, #EOT DR
ELTKREI LW,

WEBOFEOL P TROERN L FIHETH 5 Tik-
honov IEHIMEAS, XA AEDOEREARTILELTES
Z L, EREWSCRIC X B AGEEESE 2 # [ 2. WAL O
BRI NN X > TRHLGERS N2, ZOXA X
FER Ao 7oA, BRI, BFERERELREEL
BIFTHBY, KL ) — X TONHBE—RICL 588 —
VRBHIIOWTOMEE 3T [ 3. 87 — VRBEBAM~A
THRE D F RN [2] CREBL S N7z, LTI, @S
¥ — VARBBMPBRLREL Lo T, 1)K
LT -5ty bO®, 2)F14—7FF5—=vrnk
I BRENBRBRTFEORFEL VIHEBOITE L BT, 3)
F =T AT RZE LAWY HMABBHITFOENT S, 2
AT, BRFEET) SA TSV, BRI V-
WHRKBBPOEELZDOPRMEINTEY (tensorflow
[3], chainer[4]%: &), FAMHOF—7 L AN TW»
5 Z L DREMAE &) IIRSEIICB AT HREREDTRE
BT ZoTwd, BLOEHFE, ZAOELHENLL S
BOREBYM, 2L DT NT) RARRKRENDIRNZE
A, BERMEREFLEATHLEEZLNDL, 2O L) ICH
R & 8% — VBRI B AR R A 2 i OV C
w5,

W R % < BRI BIERe AT & D ICTER T 5 ER O
ERAETHEERTI LG, FEWICHEDLTFETHS. Wig
HWEIIBNTD, LEOWGEEERT L ERTHEIRT
CEREETHY, Y —VERICTBWTH, FEEHIBC
LN BFFEDONR—A Lo TWD, RFBELE 4ETIE,
FEREMKICE Y, COEHERREZLEDOBIROFHIE T
WS 277707 VEEBEBUZOWTRL (R 7272
w7z [5].

i

7.2 FSXTERIADER

KBWREE S BETIETTIAIDA A=Y ¥ ZiHIOF 727
77O —=FIZOWTHMEINTV S, LIEEKSDHEK
B HE T — 25 5 KANZ TV S v 2 Hifg
FETHH SN B WE L ¥ —% 75 X< FL @
T BEM6], WIEAZ KD S35 LIED —fETH
LT ¥~ — VEMSIC & 2 EREom L, (2
DWTENENOFHEMAHH S N2 [7]. WHEIET
HZOIFRISEIC X o THMEEZ EVF 55 CTH 5. WETHK
OEBERLEREOHRANF—LHoTBY, IV 2T —
YaFrWA A=V TR TWS, a2 —% NE
7974302 T =Y aFNA A=V TDRD L
HMOENTWBBITHSD., 20X IZHEIC X B5MHEEDIN
L, B X 2 B A TR IS S A M TFE S B 2 T
Wl tkEZOLNS.
BOETREME TS X~ToH & LTDILD TH
SXREHMZEZHW-I v Ea—F NEZFT 74 DBHBAEN
72. Andreas Wingen K12 & ¥, Tikhonov IEHI{bL % 72
Mg a2 S /AT SXR A 2 — ¥ OFHERICOWT,
W ORARIE & KT S iz, BIRANREER T
B ERFALT, HMI L% O ZEHE T 5
X T B, PaA TV TFI A5 TIEOTR LM
7 18].

7.3 A3az=F 1K
BEEMREDOII =T 11I2BWTE, 75X~ - Hk
EHEETOFHROBNRI L &2 L - T[9], Wi
FRERL - EHEE A &9 Y ) 22D W TIE O R
MINFETIZDEREINTE . ENHPBAEDIER LT
RTITHEFDOWTWD, ESIC—HBERAAT, T— 5
WHOI4 75 0K, SHEREEZRT OO0
T—=% %ty bOKERERZITWI0], WF7E%E L D IS
L7znweEEz2Twh., ZRFET, RFETHRDY BT %
TR R, IS T 2 HEMEE IO W THERT 5
J—2 v ayThERRMELTELI(11], 58 OMEEL
TITWv, I3 22T 1 OPRER>TVEnWEEZEZ T

National Institute for Fusion Science, Toki 509-5292, GIFU Japan

105

author’s e-mail: ohdachi@nifs.ac.jp

(©2017 The Japan Society of Plasma
Science and Nuclear Fusion Research



Journal of Plasma and Fusion Research Vol93, No.2 February 2017

5. =T AT ADE LR A7 720T [5] FEER @ 79 X< - BREFREE 92,904 (2016).
BHI2h, x DRAMEVBRIMNE B L. [6] BKILEGE b 79 X~ - BRELE¥ERE 92,912 (2016).

[7] swBhZ @ 79 A= - B@aSaiE 92,917 (2016).
[8] A.Wingen : 77 A~ - BRl&%4%%E 93,91 (2017).

E3 PR b e o o AR A
EExm (0] MM, KE B 75 A - BB A2 82,399
[1] %Fﬂﬂf&ii, KEE B I X~ - *ﬁ%ﬂ%?%gﬂﬁ 92,743 (2006).

(2016). ) B ) [10] B SCHRA 2 O I AR 7 b — 713 Github 1T
[2] WH#— 77 X< - BREEREE 92,839 (2016). HenI 475 )HOREEIEDT VD,
[3] https//www.tensorflow.org/ [11] https://workshop.nifs.ac.jp/gazo_keisoku2015/

[4] http://chainer.org

BB b

KRARFEZERT - N D OVIFZER - B
7T X< WigeR. SMIIRESHE LA
W75 X~<® MHD ANEEME, 1 A=YV

TR R o T2 IREENT. T — & RIS
Ruby #BH L C& 2077 e 7uy + 5471
) https://github.com/ohdachi/ogreplot), T, B AH
DNRD D> T2 ARF D H DI L7z Python IZK#E=% D
FonTwTALELWTY. FAHH D Python ICBITT 5
PEZEL 50T, RILIIENT 712 7 213 Python TH <
IIlCLTwET.

106



	jspf2016_10-741
	jspf2016_10-743
	jspf2016_11-839
	jspf2016_12-904
	jspf2016_12-904
	14

	jspf2016_12-912
	jspf2016_12-912
	14

	jspf2016_12-917
	jspf2016_12-917
	14




